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In 1940, Ulam proposed the famous Ulam stability problem. In 1941, Hyers solved the well-known Ulam
stability problem for additive mappings subject to the Hyers condition on approximately additive
mappings. In 2003-2006, the last author of this paper investigated the Hyers—Ulam stability of additive
and Jensen type mappings. In this paper, we improve results obtained in 2003 and 2005 for Jensen type
mappings and establish new theorems about the Ulam stability of additive and alternative additive
mappings. These stability results can be applied in stochastic analysis, financial and actuarial
mathematics, as well as in psychology and sociology.
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1. Introduction

In 1940 and in 1964, Ulam [31] proposed the famous Ulam stability problem:

“When is it true that by changing a little the hypotheses of a theorem one can still assert
that the thesis of the theorem remains true or approximately true?”

For very general functional equations, the concept of stability for a functional equation
arises when we replace the functional equation by an inequality which acts as a perturbation
of the equation. Thus, the stability question of functional equations is that how do the
solutions of the inequality differ from those of the given functional equation?

In 1941, Hyers [11] solved this stability problem for additive mappings subject to the
Hyers condition on approximately additive mappings. In 1951, Bourgin [3] was the second
author to treat the Ulam stability problem for additive mappings. In 1978, Gruber [10]
remarked that Ulam’s problem is of particular interest in probability theory and in the case of
functional equations of different types. We wish to note that stability properties of different
functional equations can have applications to unrelated fields. For instance, Zhou [32] used
a stability property of the functional equation f(x —y)+f(x+y) = 2f(x) to prove
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a conjecture of Z. Ditzian about the relationship between the smoothness of a mapping and
the degree of its approximation by the associated Bernstein polynomials. Rassias [28] and
then Gavruta [8] obtained generalized results of Hyers’ Theorem which allow the Cauchy
difference to be unbounded. In 1987, Gajda and Ger [7] showed that one can get analogous
stability results for subadditive multifunctions. The stability problems of several functional
equations have been extensively investigated by a number of authors and there are many
interesting results concerning this problem. A large list of references can be found, for
example, in the papers [1,4—6,12,13,29] and references therein. In 1982-2005, Rassias
[17,18,20—24] established the Hyers—Ulam stability of linear and nonlinear mappings. In
2003-2006, J.M. Rassias and M.J. Rassias [25,26] and Rassias[27] solved the above Ulam
problem for Jensen and Jensen type mappings. In 1999, Gavruta [9] answered a question of
Rassias [19] concerning the stability of the Cauchy equation.

We note that J.M. Rassias [20, 22-23] introduced the Euler—Lagrange quadratic
mappings, motivated from the following pertinent algebraic equation

2 2 2 2
laixi + axxol” + laxx) — arxol” = (af + a3) [lel + |xa| }

Thus, the third author of this paper introduced and investigated the stability problem of Ulam
for the relative Euler—Lagrange functional equation

flarx; + axxp) + flaxx) — aixo) = (aj + a3)[f(x) + f(0)]. (1.1)

in the publications [20-22]. Analogous quadratic mappings were introduced and
investigated through J.M. Rassias’ publications [23,26]. Before 1992, these mappings and
equations were not known at all in functional equations and inequalities. However, a
completely different kind of Euler—Lagrange partial differential equations is known in
calculus of variations. In this paper, we introduce Cauchy and Cauchy—Jensen mappings of
Euler—Lagrange and thus generalize Ulam stability results controlled by more general
mappings, by considering approximately Cauchy and Cauchy—Jensen mappings of Euler—
Lagrange satisfying conditions much weaker than Hyers and J.M. Rassias conditions on
approximately Cauchy and Cauchy-Jensen mappings of Euler—Lagrange. These stability
results can be applied in stochastic analysis [16], financial and actuarial mathematics, as well
as in psychology and sociology.

Throughout this paper, let X be a real normed space and Y a real Banach space in the case
of functional inequalities, as well as let X and Y be real linear spaces for functional equations.
Besides let us denote by N the set of all natural numbers and R the set of all real numbers.

DErFINITION 1.1. A mapping f:X — Y is called additive if f satisfies the functional equation
Ax+y)=Ax) +A(y) (1.2)

for all x, y € X. We note that the equation (1.2) is equivalent to the Jensen equation

2A<x;y) = A(x) + A(Y)

forall x,y € X and A(0) = 0.
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Now, we consider a mapping A:X — Y, which may be analogously called Euler—
Lagrange additive, satisfying the functional equation

A(ax + by) + A(bx + ay) = (a + D)[A(x) + A(y)] (1.3)

for all x, y € X, where a,b € R are nonzero fixed reals with a + b # 0. Next, we consider a
mapping A: X — Y of Euler—Lagrange satisfying the functional equation

A(ax + by) + A(ax — by) = 2aA(x) (1.4)

which is equivalent to the equation of Jensen type

AX) +A(y) =2 A( +y>
2a

for all x, y € X, where a,b € R are nonzero fixed reals. It is easy to see that the equation
(1.4) together with A(0) = 0 is equivalent to the equation (1.2). Alternatively, we investigate
the functional equation of Euler—Lagrange

A(ax + by) — A(ax — by) = 2bA(y) (1.5)

for all x, y € X. We note that the equation (1.5) is equivalent to the equation
-
AQ) — A(y) = 2bA( " ) (1.6)

for all x, y € X, where a, b € R are nonzero fixed reals. It follows that the equation (1.5) is
equivalent to the equation (1.2).

2. Stability of Euler—Lagrange additive mappings

We will investigate under what conditions it is then possible to find a true Euler—Lagrange
additive mapping near an approximate Euler—Lagrange additive mapping with small error.
We note that if A = 1 in the next two theorems, then the mapping ¢ is identically zero by the
convergence of series and thus f is itself the solution of the equation (1.3). Thus, we may
assume without loss of generality that A 7 1 in these theorems.

THEOREM 2.1. Assume that there exists a mapping ¢ : X> — [0, 00) for which a mapping
f: X — Y satisfies the inequality

I f(ax + by) 4 f(bx + ay) — (a + b)[f(x) + V]Il = ¢(x,y) 2.1)
and the series
Z e(A'x, l)\ y) 2.2)
= Al

for all x, y € X, where A= a + b. Then, there exists a unique Euler—Lagrange additive
mapping A: X — Y which satisfies the equation (1.3) and the inequality

Alx, A
() — Al = 57 MZ # |)AC|' ) 2.3)

forall x € X.
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Proof. Substituting x, y := x in the functional inequality (2.1), we obtain

(M)H

2lf (%) = M@l = elx, %), Hf(X) @lx, x) 24

2[A|
for all x € X. Therefore from (2.4) with A ‘x in place of x i =1, ..., n — 1) and iterative
method, one gets

f()\"x) 1 L p(Aix, Aix)
_HMFO Al

Jro-

2.5)

for all x € X and all n € N. By (2.5), for any n > m = 0 we have

’f()\’"x) (/\”x)
)\Wl

1
BLE

which tends to zero as m tends to infinity. Thus, it follows that a sequence {(f(A"x))/(A™)} is
Cauchy in Y and it thus converges. Therefore, we see that a mapping A: X — Y defined by

= i A o f@t b
A(X) = }}LH(;IO I = nll»oo (a +b)11

f(/\nfm/\mx)
An—m

n—m— i+m i+m
< L Z GD()\ )f,)\ )
2 parc |/\|l+m ?

exists for all x € X. In addition, it is clear from (2.1) that the following inequality

lA(ax + by) + A(bx + ay) — (a + H)[AX) + AWl

T [A]ILF (ax + by)) + (A" (bx + ay) = (a+ DA +fAY]I

A

lim|A] " @(A"x, A"y) =0

holds for all x, y € X. Thus, taking the limit n — o in (2.5), we find that the mapping A is
Euler—Lagrange additive mapping satisfying the inequality (2.3) near the approximate
mapping f: X — Y of the equation (1.3).

To prove the afore-mentioned uniqueness, we assume now that there is another Euler—
Lagrange additive mapping A : X — Y which satisfies the equation (1.3) and the inequality
(2.3). Then, it follows easily that by setting y := x in (1.3) we get

A(x) = A T"AA"x), Ax) = A T"AA"x)

for all x € X and all n € N. Thus from the last equality and (2.3) one proves that

IAGx) — Al = 5 A" x) — A0l

1
A"

1 y
= W(IIA()\”x) — A"l + 1 f(A"x) — A(A"0)]])

i )\Hrn /\l+n )

pare |)\|l+n+1

for all x € X and all n € N. Therefore from n — o0, one establishes
Ax) —Ax) =0

for all x € X, completing the proof of uniqueness. g
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THEOREM 2.2. Assume that there exists a mapping ¢ : X> — [0, 00) for which a mapping
f: X — Y satisfies the inequality
I f(ax + by) +f(bx + ay) = (a+ D) + DI = @lx,)

and the series
. i (X )
A (-,-) <
> el

for all x, y € X, where A= a + b. Then there exists a unique Euler—Lagrange additive
mapping A : X — Y which satisfies the equation (1.3) and the inequality

() — Al = ﬁz W)
=1

forall x € X.

We obtain the following corollary concerning the stability for approximately Euler—
Lagrange additive mappings in terms of a product of powers of norms.

COROLLARY 2.3. If a mapping f: X — Y satisfies the functional inequality

| f(ax + by) + f(bx + ay) — (a + BLF) + I = 8llxll“lIylI,

forall x, y € X (X\{0} if a, B = 0) and for some fixed o, B € R, such that p: « + B € R,
p#1l, Ar=a+b# 1 and 6§ =0, then there exists a unique Euler—Lagrange additive
mapping A : X — Y which satisfies the equation (1.3) and the inequality

| ” ahpe AL < LA <1.p>1)
fO=A@I={ g
ange i >Lp>1LdAl<1p<1)

for all x € X (X\{0} if p = 0). The mapping A is defined by the formula

hmf('\nx), if Al>Lp<L(A<1p>1)

n—oo

limA"f (&), if [Al>1,p>1,(Al <1,p<1)

n—oo

Ax) =

Now we are going to investigate the stability problem of the Euler—Lagrange type
equation (1.4). Similarly, we remark that if A = 1 in the next two theorems, then the mapping
¢ is identically zero by the convergence of series and thus f is itself the solution of the
equation (1.4). Thus, we may assume without loss of generality that A # 1 in these theorems.

THEOREM 2.4.  Assume that there exists a mapping ¢ : X> — [0, 00) for which a mapping f:
X — Y satisfies the inequality

Il f(ax + by) + f(ax — by) = 2af (W)l = (x, ) (2.6)

and the series

Z P(Aix, A y) @7

=2
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forall x, y € X, where A :=2a 7 1. Then, there exists a unique additive mapping A: X — Y
of Euler—Lagrange which satisfies the equation (1.4) and the inequality

f(0)

Hf()———A( )H (“a“)
|A|l

LY

for all x € X. If, moreover, f is measurable or f(tx) is continuous in t for each fixed x € X
then A(tx) = tA(x) for all x € X and t € R.

Proof. Substituting (x, y) for (x, (a/b)x) in the functional inequality (2.6), we obtain

2|1al <x “x) (2.8)

(2ax)

Il £ (2ax) + £(0) - 2af(x)ll<so(x Oy H @) —

for all x € X, where g(x) := f(x) — f(0)/(2a — 1). From (2.8), one gets

A" 1 &2 o(Aix,gA
H() 8( nx) mzu 2.9)

i=0 Al

for all x € X and all n € N. Thus, it follows from (2.7) that a sequence {A"g(A"x)} is
Cauchy in Y and it thus converges. Therefore, we see that a mapping A: X — Y defined by

A — Tim EA _ i FOD

n—00 n N1—00 /\”

exists for all x € X. We observe that A(0) = 0 since f(0) = 0 = ¢(0, 0) by the convergence
of 2.7)if A = — 1 or|A| < 1, and that A(0) = 0 by the definition of A if [A| > 1. Utilizing the
last functional inequality (2.9) and the similar argument to Theorem 2.1, we can obtain the
conclusion of this theorem.

The proof of the last assertion in our Theorem 2.4 is obvious according to J.M. Rassias
work [17]. O

THEOREM 2.5. Assume that there exists a mapping ¢ : X> — [0, ) for which a mapping
f: X — Y satisfies the inequality

Il f(ax + by) + f(ax — by) — 2af ()| = @(x,y)

ZIAI qo(x f) < oo (2.10)

forallx,y € X, where \ := 2a # 1. Then, there exists a unique additive mapping A:X — Y of
Euler—Lagrange which satisfies the equation (1.4) and the inequality

|7~ L2 )| = |MZlAl o(55%)

for all x € X. If, moreover, fis measurable or f(tx) is continuous in t for each fixed x € X
then A(tx) = tA(x) for all x € X and t € R.

and the series

COROLLARY 2.6. If a mapping f: X — Y satisfies the functional inequality

Il f(ax + by) + f(ax — by) — 2af @)l = 8llxlI“llyll®,
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forall x,y € X (X\{0} if o, B = 0) and for some fixed o, B € R, such that p:= a+ B € R,
p#1, A:=2a# 1 and 6 = 0, then there exists a unique additive mapping A: X — Y of
Euler—Lagrange which satisfies the equation (1.4) and the inequality

Pl i A > 1 p < 1L(Al < 1,p> 1)

Hf( )~ (0) i )H NERE
i i |)\6|u)i”|p)\|> ifIA>1Lp>1L(A<I,p<l

for all x € X(X\{0} if p=0).

We will investigate under what conditions it is then possible to find a true additive Euler—
Lagrange mapping of equation (1.5) near an approximate additive Euler—Lagrange mapping
of equation (1.5) with small error.

THEOREM 2.7.  Assume that there exists a mapping @ : X > — [0, o) for which a mapping f-
X — Y satisfies the inequality

Il f(ax + by) — f(ax — by) = 2bf (V|| = @(x,y)
and the series

© )\i )\i x i . .
Z al l))c\vll h) < (Z Al @A " 'x, A 7y) < oo, respectively)
i=0 i=1

forall x, y € X, where A :=2b # 1. Then, there exists a unique additive mapping A: X — Y
of Euler—Lagrange which satisfies the equation (1.5) and the inequality

ﬂ) e AxAﬂ
Hf( Vo A >H TZ

(Hf( )+ f(O) — A(x )H T Zl|/\|i<p(§)\ix,/\ix>, respectively)

for all x € X. If, moreover, fis measurable or f(tx) is continuous in t for each fixed x € X
then A(tx) = tA(x) for all x € X and t € R.

Proof. The proof of this theorem is similar to that of Theorem 2.1 and Theorem 2.4. [
COROLLARY 2.8. If a mapping f: X — Y satisfies the functional inequality

Il flax + by) — flax — by) — 2bf ()]l = SllxlI“lIylI®,

forallx, y € X (X\{0} if a, B = 0) and for some fixed o, B € R, such thatp:=a+ B € R,
p# 1, A:=2b# 1 and 6 = 0, then there exists a unique additive mapping A: X — Y of
Euler—Lagrange which satisfies the equation (1.5) and the inequality

|V5x if AN>1p<LAN<1p>1,)

o 2o - 5
() (€9) B[, i > 1Lp> LM <1,p<1)

for all x € X(X\{0} if p=0).
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3. C*-algebra isomorphisms between unital C*-algebras

Throughout this section, assume that A and B are unital C*-algebras. Let U(.A) the unitary
group of A, A;, the set of invertible elements in A, Ay, the set of self-adjoint elements in A,
Ay :={a € A:lal =1}, A" the set of positive elements in A. As an application, we are
going to investigate C*-algebra isomorphisms between unital C*-algebras. We denote N by
the set of nonnegative integers.

THEOREM 3.1. Let h:A— B be a bijective mapping with h(0) =0 for which there
exist mappings @ : A*— R* := [0, o) satisfying (2.7), 1 : AX A—R*, and ¢y : A—R™*
such that

ln(apx + bpy) + h(apx — buy) — 2aph()ll = ¢(x, y), (3.1
lAA " ux) — A" wh)|l = Y1 (A"u, x), (3.2)
IA(A"u™) — h(A"w)"|| = P(A"u) (3.3)

forall w € S':={uwe€C:|ul =1}, all u€ UCA), all x,y € A and all n € Ny, where
A:=2a 7 1. Assume that

HmA " (A 'u,x) =0, for all u € U(A), x € A, (3.4)
n—oo
HmA "P(A"u) =0, for all u € U(A), 3.5)
LimA "N "ugy) € By, forsome uy € A. (3.6)

Then the bijective mapping h : A— B is in fact a C*-algebra isomorphism.

Proof. Consider the C*-algebras A and /5 as Banach left modules over the unital C*-algebra
C. From (2.7), (3.1) with w =1 and by Theorem 2.4, there exists a unique mapping
H : A— B, defined by H(x) = lim,—A "h(A"x), satisfying the equation (1.4) and the
inequality

a )\ 4!
lh(e) — Holl = Z IxAl %) 3.7)
=0

for all x € A. We claim that the mapping H is C-linear. For this, putting y := 0 in (1.4) one
has H(ax) = aH(x) for all x € A. Now replacing y by (ay/b) in (1.4) we get H(ax + ay) +
H(ax — ay) = 2aH(x) and so H(x + y) + H(x — y) = 2H(x), which means that H is additive.
On the other hand, we obtain by (2.7) and (3.1) that H(aux + buy) + H(apux — buy) —
2apuH(x) = 0 for all x,y € A and so

H(px) — pH(x) =0 (3.8)

for all x € A and all w € S' = U(C). Now, let 7 be a nonzero element in C and K
a positive integer greater than 4|n|. Then, we have [(n/K)| < (1/4)<1—(2/3).
By Ref. [14, Theorem 1], there exist three elements pu;, o, w3 € S! such that
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3(n/K) = p1 + p2 + p3. Thus, we calculate by (3.8)

K K
H(nx) = H(g 3 %x) = (;) H(ux + pox + psx)

K
= (§> (H(p1x) + H(pox) + H(psx))

K K
= (3) (w1 + p2 + pu3)H(x) = (g) '3£8(x) = MH(x)

forall n € C(n # 0) and all x € A. So the unique mapping H : A — B is C-linear mapping,
as desired.
By (3.3) and (3.5), we have

*

Hw™) = mA"h(\"u™) = limA "h(A\"u)" = (hm)f”h(/\”u)) —Hw' (3.9

for all u € U(A). Since each x € A is a finite linear combination of unitary elements ([15,
Theorem 4.1.7]), i.e. x = Z]m:lcjuj (c; € C, uj € U(A)), we get by (3.9)

¢ji; > = GHw) =Y gHw) = (Z ciH (Mj)>
1 =1 =1 =1

NgE

J

H(x") = H<

=H <Z cjuj> = H(x)"
=

for all x € A. So the mapping H is preserved by involution.
Using the relations (3.2) and (3.4), we get

H(w) = HmA~"A(\"ux) = limA~"h(\"u)h(x) = H(h(x) (3.10)

for all u € U(A) and all x € A. On the other hand, it follows from (3.10) and the additivity
of H that the equation

Hux) = A "HO\"ux) = A "H@A"x) = A "H@h(A"x) = H@A "h(A"x)

holds for all u € U(A) and all x € A. Taking the limit as n — oo in the last equation, we
obtain
H(ux) = Hu)H(x) (3.11)

for all u € U(A) and all x € A. Now, let z € A be an arbitrary element. Then z = > 7" cju;
(¢j € C, u; € U(A)), and it follows from (3.10) that

m

H(zx)=H (Z Cij> =D _GHwx) =3 GHwh
=1 j=1 j=1

J=1

=H (Z cju,) h(x) = H(z)h(x) (3.12)
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for all z,x € A. Using the similar argument to (3.11), we see that
H(zx) = H(z)H(x) (3.13)

for all z, x € A. Hence, the mapping H is multiplicative.
Finally, it follows from (3.12) and (3.13) that

H(uo)H(x) = H(uox) = H(ug)h(x)

for all x € A. Since H(ug) = lim,—oA "h(A"uy) is invertible by (3.6), we see that H(x) =
h(x) for all x € A. Hence, the bijective mapping h: A— B is in fact a C*-algebra
isomorphism, as desired. OJ

THEOREM 3.2. Let h: A— B be a bijective mapping satisfying h(0) = 0 and (3.6) for
which there exist a mapping ¢ : AP =R satisfying (2.7), and mappings |, s such that

lr(apx + buy) + h(apx — buy) — 2aph(x)|l = ¢(x,y),
(3.14)
[12(A"ux) — RA"wh()|| = Yo (X"u, x),

IA(A"u™) — R(A"w)*|| = P(A"u) (3.15)

forall p€ S":={pneC:lul=1}, allu € A7 U {i} and all x,y € A and all n € N,.
Assume that

lim A ™" (A "u,x) = 0, for all u € Af U {i}, all x € A, (3.16)
mA " Y(A"u) = 0, for all u€ AF U (i}. (.17

Then the bijective mapping h : A— B is in fact a C*-algebra isomorphism.

Proof. By the same reasoning as in the proof of Theorem 3.1, there exists a unique C-linear
mapping H : A— B, defined by H(x) := lim,—.A ~"h(A"x), satisfying the equation (1.4) and
the functional inequality (3.7).

By (3.15) and (3.17), we have H(u™) = H(u)" for all u € A}L U {i}, and so

H(v") ZH(IvI-f;l) = vaIH<|7;) = {Ile(lzlﬂ = H(®v)" (3.18)

for all nonzero v € AT U {i}. Now, for any element v € A, v = v; +iv,, where
V1,02 € Ag,; furthermore, v = vf — o] +iv] —iv;, where v,v],7v] and v; are all
positive elements (see [2, Lemma 38.8]). Since H is C-linear, we figure out by (3.18)

Hw) = H((of o +f — 7))
= H(of) ~H (o) +H (7)) — H((i03))
= H(of) —H (o) =it (o3) +it (o7)

= [H(v] — o] +iv] —ivy)] = H(v)'

for all v € A.



Downloaded By: [HEAL-Link Consortium] At: 10:11 12 July 2008

Extended Hyers—Ulam stability 1149

Using (3.14) and (3.16), we get H(ux) = H(u)h(x) for all u € AT U {i} and all x € A,
and so H(vx) = H(v)h(x) for all v € A" U {i} and all x € A because

H(vx) = H(lvl%-x) - |v|H(|—:| .x>

- |v|H(1> h(x) = Ho)h(x), Yo A*.

9]

(3.19)

Now, for any element v € A, v = v — v; +ivy — iv;, where v,v;,%7 and v; are
positive elements (see [2, Lemma 38.8]). Thus, we calculate by (3.19) and the additivity of H

H(vx) = H(vTx — o x+iv3x — iv;x)

= H(v{x) — H(v, x) +iH (v3x) — iH(v; x)

(3.20)
= (H(o7) ~ Hoy ) +iH(s5) — i (25 ) o)
= H(v)h(x)
for all v,x € A. By (3.20) and the additivity of H, one has
H(ox) = A 7"H(A"ox) = A "H(vA"x) = A"H(@)h(A"x) = H(v)A "h(A"x),
which yields by taking the limit as n — oo
H(vx) = H(v)H(x) (3.21)

for all v,x € A.
It follows from (3.20) and (3.21) that for a given u, subject to (3.6)

H(uo)H(x) = H(uox) = H(uo)h(x)

for all x € A. Since H(up) = lim,—A "h(A"uy) € Bj,, we see that H(x) = h(x) for all
x € A. Hence, the bijective mapping h: A— B is a C#-algebra isomorphism, as
desired. ]

THEOREM 3.3. Let h: A— B be a bijective mapping with h(0) = 0 satisfying (2.7), (3.2)
and (3.3) such that

lh(apx + buy) + h(apx — buy) — 2aph()|l = ¢(x,y) (3.22)

holds for w=1, i. Assume that the conditions (3.4)—(3.6) are satisfied, and that h is
measurable or h(tx) is continuous int € R for each fixed x € A. Then, the bijective mapping
h: A— Bisa C*algebra isomorphism.

Proof. Fix u = 11in(3.22). By the same reasoning as in the proof of Theorem 3.1, there exists
a unique additive mapping H : A — B satisfying the equation (1.4) and the inequality (3.7).

By the assumption that 4 is measurable or A(tx) is continuous in r € R for each fixed
x € A, the mapping H : A — Bis R-linear, that is, H(tx) = tH(x) forallt € Rand allx € A
[12,17,28]. Put A = i in (3.22). Then applying the same argument to (3.8) as in the proof of
Theorem 3.1, we obtain that

H(ix) = iH(x),
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and so forany u =s+ir € C

H(ux) = H(sx + itx) = H(sx) + H(itx) = sH(x) + itH(x) = (s +it)H(x) = pwH(x)
for all x € A. Hence, the mapping H : A— B is C-linear.

The rest of the proof is the same as the proof of Theorem 3.1. U
THEOREM 3.4. Let h: A— B be a bijective mapping with h(0) = 0 satisfying (2.7), (3.6),
(3.14) and (3.15) such that

lA(apx + buy) + hapx — buy) — 2aph(0)ll = @(x,y) (3.23)

holds for w =1, i. Assume that the equations (3.16) and (3.17) are satisfied, and that h is
measurable or h(tx) is continuous int € R for each fixed x € A. Then, the bijective mapping
h: A— Bis a C*algebra isomorphism.

Proof. The proof is the similar to that of Theorem 3.3. 0

4. Derivations mapping into the radicals of Banach algebras

Throughout this section, assume that A is a complex Banach algebra with norm ||-||. As an
application, we are going to investigate the stability of derivations on Banach algebras and to
consider the range of derivations on Banach algebras.

Lemma 4.1. Let h: A— A be a mapping satisfying h(0) = 0O for which there exist a
mapping ¢ : A — Rt satisfying (2.7) and a mapping  : A*—R* satisfying

fim P =0 @b

forall x,y € X, where A :==2a # 1, such that
lh(apx + buy) + h(apx — buy) = 2aph)|l = ¢(x,y), 4.2)
(xey) — h(x)y — xh(p)Il = P(x, y) 4.3)

forallp € S' == {w € C: |u|l =1} and all x,y € A. Then, there exists a unique C-linear
derivation H : A— A which satisfies the inequality
0] )\ix,%)\ix)

1 (o)
lIAGx) = Holl = WZ (

. “4.4)
i=0 | A |I

Sorall x € A

Proof. By the same reasoning as in the proof of Theorem 3.1, there exists a unique C-linear
mapping H : A— A, defined by H(x) = lim,—..A ~"h(A"x), satisfying the equation (1.4) and
the functional inequality (4.4).
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Replacing x and y in (4.3) by A "x and A"y, respectively, and dividing the result by |A|*",
we obtain

h(A*"xy)  h(A"x) h(A"y)
/\271 A y—x A

’ P(A"x, Ay)
IAIZn

for all x,y € A. Taking the limit in the last inequality, one obtains that
H(xy) — H(x)y — xH(y) = 0

for all x,y € A because limo((A"x, A"y)/IAI*) =0 and lim,_(h(A2"xy)/A%")
= H(xy). Thus, the mapping H : A— A is a unique C-linear derivation satisfying the
functional inequality (4.4). (]

LemmA 4.2. Let h: A— A be a mapping satisfying h(0) = 0 for which there exist a
mapping ¢ : A* =R+ satisfying (2.10) and a mapping i : A* =Rt satisfying

lim [AP"y(5.35) =0

forall x,y € X, where A = 2a # 1, such that
lA(apx + bpy) + hlapx — buy) — 2aph(x)ll = @(x,y),
lA(xy) = h(x)y — xh( )l = yx, y)

forallw € S' == {u € C: |ul =1} and all x,y € A. Then, there exists a unique C-linear
derivation H : A— A which satisfies the inequality

1 &, /x ax
l’l _H = — )\l (7‘777A>
llA(x) = H)| |/\|;| le(5 g
forall x € A.

COROLLARY 4.3. Let p, o, B be reals such that either p <1, a+ B <2,1 < |X:=2a| or
p>1, a+B>2 1>|r:=2a| >0. Assume that h: A— A is a mapping satisfying
h(0) = 0 for which there exist nonnegative constants €, €, such that

lA(apx + buy) + h(apx — buy) — 2aph)ll = & (Ixll” + lIyll”),
lhxy) = h(x)y — xh(p)Il < e llxll“IIyll°

forallp € S' == {u € C: |ul =1} and all x,y € A. Then, there exists a unique C-linear
derivation H : A— A which satisfies the inequality
allxll” (1 +1¢")

h(x) — H =

for all x € A
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LEmMMA 4.4. Let h: A— A be a linear mapping for which there exists a mapping
A% — R satisfying either

YA x, ATy)
m 2

li

e =0 or, lirgl()lx\lznlp()C y) =0

ATAR
for all x,y € X, where X\ = 2a # 0, 1, such that
lh(xy) — h(x)y — xh(p)Il = P (x,y)

for all x,y € A. Then, the mapping h is in fact a derivation on A.
Proof. Taking ¢(x,y) := 0 in the previous two lemmas, then we have the desired result. [J

THEOREM 4.5. Let A be a commutative Banach algebra. Let h : A— A be a given linear
mapping and an approximate derivation with difference Dh bounded by i, that is, there
exists a mapping : AX A— R™ such that

IDA(x, ) = h(xy) = h(x)y = xh()I| = P(x, ) 4.5

for all x,y € A. Assume that there exists a nonzero real number A with A # 1 such that
the limit

A]’l )\Vl
lim YA _ (

e liml)\lznl,b(i L) =0, respectively) (4.6)

00 /\n’/\n

forall x,y € A. Then, the mapping h is in fact a linear derivation and maps the algebra into
its radical.

Proof. By Lemma 4.4, the mapping 4 is in fact a linear derivation and maps the algebra into
its radical by Thomas’ result [30]. O

It is well-known that all linear derivations on commutative semi-simple Banach algebras
are zero [30]. We remark that every linear mapping 4 on a commutative semi-simple Banach
algebra, which is an approximate derivation satisfying (4.5) and (4.6), is also zero.
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