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1. INTRODUCTION 
In 1940 and in 1964 Ulam [25] proposed the general Ulam stability problem:  
 

"When is it true that by slightly changing the hypotheses of a theorem one can 
still assert that the thesis of the theorem remains true or approximately true?" 

 
In 1941 Hyers [13] solved this problem for linear mappings. In 1951 Bourgin [3] was the 
second author to treat the Ulam problem for additive mappings. In 1978, according to 
Gruber [12], this kind of stability problems is of particular interest in probability theory 
and in the case of functional equations of different types. In 1999 Gavruta [11] answered a 
question of the author [18] concerning the stability of the Cauchy equation. For some other 
interesting stability results in connection to the Ulam problem, see [1], [2, 9], [4], [5], [6], 
[7, 8], [10], [15], [16-21], [22] and [23]. In 1983 Skof [24] was the first author to solve the 
Ulam problem for additive mappings on a restricted domain. In 1998 Jung [14] and in 
2002-2003 the author [21, 22] investigated the Hyers-Ulam stability for additive and 
quadratic mappings on restricted domains. In this paper we improve the bounds and thus 
the stability results obtained by Jung, in 1998 and by the author, in 2002. Besides we 
establish new theorems about the Ulam stability for more general equations of two types 
on a restricted domain. Finally we apply our recent results to the asymptotic behavior of 
functional equations of different types. 
 
     Throughout this paper, let X be a real normed space and Y be a real Banach space in the 
case of functional inequalities, as well as let X and Y be real linear spaces for functional 
equations. 
 
Definition 1.1. A mapping f : X→ Y is called additive (respectively: quadratic) if f satisfies 
the equation  

(1.1) f(x1 + x2) = f(x1) + f(x2)                                                   
(respectively:  f(x1 + x2) + f(x1 - x2) = 2f(x1) + 2f(x2) ) 
for all x1, x2 ∈ X. 
 
 
We state and prove the new Theorem 1.1 below. 
 
Theorem 1.1. Let δ ≥ 0 be fixed. If a mapping f : X→ Y satisfies the quadratic inequality  
 (1.2)                                 ( ) ( ) ( ) ( ) δ≤−−−++ 212121 22 xfxfxxfxxf                           
for all x1, x2 ∈ X, then there exists a unique quadratic mapping Q : X→ Y such that 
||f(0)|| 2/δ≤  and 

(1.3)                           ( ) ( ) )23/)
2

((
3

||)0(|| δδδδ
=+≤

+
≤−

fxQxf                                                          

for all x ∈ X. 
 
Proof. Replacing x 1 =x 2 =0 in the inequality (1.2), one obtains that 
 

||f(0)||
2
δ

≤  

holds. Similarly, substituting x 1 =x 2 =x in (1.2) and then applying the triangle inequality, 
we get the inequality 
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||f(x)-2 2− f(2x)||≤
3

||)0(|| f+δ (1-2 2− ) 

 
for a fixed δ≥  0  and  all  x∈X. 
   According to our works [19, 20] on quadratic mappings, one proves that 
 

||f(x)-2 n2− f(2 n x)||≤ ||f(x)-2 2− f(2x)||+2 2− ||f(2x)-2 2− f(2 2 x)||+… 
 

+ 2 )1(2 −− n ||f(2 1−n x)-2 2− f(2 n x)|| 
 

≤
3

||)0(|| f+δ (1-2 )2n− ) 

 
holds for all n N∈ , and all x∈X, which yields that there is a unique quadratic mapping 
Q:X→Y, such that  

Q(x)=lim
∞→n

2 n2− f(2 n x) , 

 and              

                          ( ) ( )
3

||)0(|| fxQxf +
≤−
δ , 

  completing the proof of the Theorem 1.1. █ 
 
Definition 1.2. A mapping f : X→ Y is called approximately odd (respectively: even) if f 
satisfies 
  (1.4)                                                 ( ) ( ) θxfxf ≤−+                                                      

(respectively : ( ) ( ) θxfxf ≤−− ) for some fixed θ ≥ 0 and for all x ∈ X.  
 
Definition 1.3. A mapping M : X→ Y is called additive (respectively: quadratic) in X if M 
satisfies the functional equation of two types 

(1.5)                                         ( ) ( )∑∑∑
≤〈≤==

+=+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

31

3

1

3

1 ji
ji

i
i

i
i xxMxMxM                                    

for all xi ∈ X (i = 1, 2, 3). We note that all the real mappings M : R → R of the two types: 
M(x) = ax or M(x) = βx2 satisfy (1.5) for all x ∈ R and all arbitrary but fixed a, β ∈ R. 
     We note that the mapping M : X→ Y  may be called mixed type as it is either additive or 
quadratic. The same terminology occurs to the mappings M satisfying the following 
equation (4.11).  

 
2. STABILITY OF THE QUADRATIC EQUATION (1.1) ON A RESTRICTED DOMAIN  

 
We establish the new Theorem 2.1 on restricted domains. 
 
Theorem 2.1. Let d > 0 and δ ≥ 0 be fixed. If a mapping f : X→ Y satisfies the quadratic 
inequality (1.2) for all x1, x2 ∈ X, with dxx ≥+ 21 , then there exists a unique quadratic 
mapping Q : X→ Y  such that  ||f(0)||≤ δ/2  and 

(2.1)                ( ) ( ) )
6

11(
6

||)0(||49 δδ
≤

+
≤−

fxQxf                                                                             
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for all x ∈ X. 
 
Proof. Assume 21 xx + < d. If x1 = x2 = 0, then we choose a t ∈ X with d t = . 
Otherwise, let  

211
1

       1 xxif,x
x
dt ≥⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+= ; 212

2
       1 xxif,x

x
dt ≤⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+= . 

We note that: dxt += 1   > d, if 21 xx ≥ ; dxt += 2   > d, if 21 xx ≤ . 
Clearly, we see 
                ( ) dxxttxtx ≥+−≥++− 2121   2 , ddxx t xx ≥+−≥+− 22 2121 ,             

(2.2)                        dtxtx ≥+−++ 21 , d t x ≥+1  , dx t ≥+ 2 , d t  t ≥+ . 
     These inequalities (2.2) come from the corresponding substitutions attached between 
the right-hand sided parentheses of the following functional identity. 
     Besides from (1.2) with x1 = x2 = 0 we get that ( ) 20 δ≤f . Therefore from (1.2), (2.2), 
and the new functional identity 

( ) ( ) ( ) ( ) ( )[ ]0222 212121 fxfxfxxfxxf −−−−++  
= ( ) ( ) ( ) ( )[ ]txftxftxxfxxf +−−−−−++ 212121 222  (with x1–t on x1 and x2+t on x2) 

- ( ) ( ) ( ) ( )[ ]tfxxftxxftxxf 22222 212121 −−−+−+−−  (with x1–x2 on x1 and 2t on x2) 
+ ( ) ( ) ( ) ( )[ ]txftxfxxftxxf +−−+−+++− 212121 222  (with x1+t on x1 and -x2+t on x2) 

+2 ( ) ( ) ( ) ( )[ ]tfxftxftxf 22 111 −−−++  (with x1 on x1 and t on x2) 
+2 ( ) ( ) ( ) ( )[ ]222 22 xftfxtfxtf −−−++  (with t on x1 and x2 on x2) 

-2 ( ) ( ) ( ) ( )[ ]tftfftf 2202 −−+  (with t on x1 and t on x2), 
we get 

( ) ( ) ( ) ( ) ( ) 0222 212121 fxfxfxxfxxf −−−−++ ≤ δ + δ + δ + 2δ + 2δ + 2δ = 9δ, 
or 

(2.3)    ( ) ( ) ( ) ( ) ( ) 0
2
9 22 212121 fxfxfxxfxxf +≤−−−++ δ )5( δ≤ .                                

Applying now the Theorem 1.1 and the above inequality (2.3), one gets that  
 

||f(x)-Q(x)||≤ [ ||)0(||||))0(||
2
9( ff ++δ ]/3 

= ||)0(||
3
2

2
3 f+δ =

6
||)0(||49 f+δ  

(≤ )
6

11
6

29 δδδ
=

+ . 

 
   Therefore there exists a unique quadratic mapping Q : X→ Y that satisfies the quadratic 
equation (1.1) and the inequality (2.1), such that  ( ) ( )xflimxQ nn

n
22 2−

∞→
= , completing the 

proof of  the Theorem 2.1. █ 
 
    Obviously our inequalities (2.1) and (2.3) are sharper than the corresponding inequalities 
of Jung [14], where the right-hand sides were equal to 

δ
2
7   ≥ )

6
11(

6
||)0(||49 δδ
≤

+ f    and   7δ(≥ ||))0(||
2
9 f+δ ( )5δ≤ , 
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 respectively. 
 

We note that if we define ( ){ }2 1  :2
212 ,i,dxXx,xS i =〈∈=  for some d > 0, then 

( ){ } 2
2

21
2

21 2  : S\XdxxXx,x ⊂≥+∈ . 
 
Corollary 2.1. If we assume that a mapping f : X→ Y satisfies the quadratic inequality 
(1.2) for some fixed δ ≥ 0 and for all (x1, x2) ∈ X 2\S2, then there exists a unique quadratic 
mapping Q : X→ Y satisfying (2.1) for all x ∈ X. 
 
Corollary 2.2. A mapping f : X→ Y is quadratic if and only if the asymptotic condition 

( ) ( ) ( ) ( ) 0 22 212121 →−−−++ xfxfxxfxxf , as ∞→+ 21 xx  
 

holds. 
 
Proof. Following the corresponding techniques of our proof [21], in 2002, one gets from 
Theorem 2.1 and the above asymptotic condition that f is quadratic. The reverse assertion 
is obvious. █ 
However, in 1983 Skof [24] proved an asymptotic property of the additive mappings. 
 
 
 

3. STABILITY OF THE EQUATION (1.5) OF TWO TYPES  
 
     In 1998 Jung [14] applied the induction principle and proved the following Lemma 3.1. 
 
Lemma 3.1. Assume that a mapping f : X→ Y satisfies the inequality  

                   ( ) ( ) ( ) ( ) δ≤++−+−+−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
∑∑
==

 
3

1
323121

3

1 i
i

i
i xfxxfxxfxxfxf                 

for some fixed δ ≥ 0 and for all xi ∈ X (i = 1, 2, 3). It then holds that  
 

                            ( ) ( ) ( ) ∑
=

−
++ ≤−
−

+
+

−
n

i

in
n

n
n

n

n

xfxfxf
1

1212 23 2
2

122
2

12 δ  ,                                                

for all x ∈ X and n ∈ N = {1, 2, . . . }. 
 
   In 2002 the author [21] proved Lemma 3.1   without the induction principle. 
 
In this paper we establish the following sharper Lemma 3.2, because of ||f(0)|| δ≤   via 
(3.5). 
 
Lemma 3.2. Assume that a mapping f : X→ Y satisfies the inequality  

(3.1)                ( ) ( ) ( ) ( ) δ≤++−+−+−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
∑∑
==

 
3

1
323121

3

1 i
i

i
i xfxxfxxfxxfxf                  

for some fixed δ ≥ 0 and for all xi ∈ X (i = 1, 2, 3). It then holds that                                

(3.2)     ( ) ( ) ( ) )23(2||))0(||2( 2
2

122
2

12
11

1212 ∑∑
=

−

=

−
++ ≤+≤−
−

+
+

−
n

i

i
n

i

in
n

n
n

n

n

fxfxfxf δδ  ,                 
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for a fixed δ ≥ 0 and  all x ∈ X and n ∈ N = {1, 2, . . . },such that ||f(0)|| δ≤ . 
 
    
 
     In this paper, without the induction principle and following the proof of our Lemma 1 
[21], we prove the above-mentioned Lemma 3.2. 
 
Proof. Substituting   x i =0  for all i=1,2,3,  in the inequality (3.1), one obtains ||f(0)|| δ≤ . 
    Let us denote 

122
12

+

+
= i

i

ia , ( ) ( ) ( ) ( )xfxfxfxA iii
i 2223 11 −−+= −− , 

122
12

+

−
−= i

i

ib , ( ) ( ) ( ) ( )xfxfxfxB iii
i 2223 11 −−+−= −− , 

( ) ( ) ( )xfbxfaxT i
i

i
ii 22 −+= , ( ) ( ) ( )xTxTxS nn −= 0 , 

such that ( ) ( )xfxT =0 , for all x ∈ X , i ∈ Nn = {1, 2, . . ., n }, and n ∈ N . 
     We note that 

iii baa +=− 31 ,  iii bab 31 +=− , 
hold for any i ∈ Nn = {1, 2, . . ., n }, n ∈ N . 
From these identities we get that  

( ) ( ) ( ) ( ) ( )xTxfbxfaxTxT i
i

i
i

iii −−+=− −
−

−
−−

1
1

1
11 22  

= ( ) ( ) ( ) ( ) ( ) ( )xfbxfaxfbaxfba i
i

i
i

i
ii

i
ii 222323 11 −−−−+++ −−  

( ) ( ) ( )[ ]xfxfxfa iii
i 2223 11 −−+= −− ( ) ( ) ( )[ ]xfxfxfb iii

i 2223 11 −−+−+ −−  , 
or the formula 
 (3.3)                                            ( ) ( ) ( ) ( )xBbxAaxTxT iiiiii +=−−1  ,                                      
holds for any i ∈ Nn = {1, 2, . . ., n }, n ∈ N . 
     We note that 

( ) ( ) ( ) ( ) ( )[ ]∑
=

− −=−=
n

i
iinn xTxTxTxTxS

1
10 . 

Therefore from this formula and (3.3) one obtains the new formula 

 (3.4)                                                  ( ) ( ) ( )[ ]∑
=

+=
n

i
iiiin xBbxAaxS

1

 .                                       

     Replacing xi = 0 (i = 1, 2, 3) in (3.1) one gets 
 (3.5)                                                                      ( ) δ≤ 0f .                                                  
Setting x1 = x, x2 = x, x3 = -x in (3.1) we find from (3.5) that 

( ) ( ) ( ) ( ) δ≤−−−+  0223 fxfxfxf  
or 
(3.6)                               ( ) ( ) ( ) )3(||)0(||2 23 δδ ≤+≤−−+ fxfxfxf                                 
holds for all x ∈ X. 
Substituting –x for x in (3.6), one obtains 
(3.7)                     ( ) ( ) ( ) )3(||)0(||2 23 δδ ≤+≤−−+− fxfxfxf .                                      
Placing 2i-1x on x in (3.6) and (3.7) we get 
(3.8)     ( ) )3(||)0(||2 δδ ≤+≤ fxAi , and ( ) )3(||)0(||2 δδ ≤+≤ fxBi                                             
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for all i ∈ Nn , n ∈ N . 
    Thus from the formula (3.4), the inequalities (3.5), and the triangle inequality we prove 

                                         ( ) ( ) ( )[ ]∑
=

+≤
n

i
iiiin xBbxAaxS

1
      

 (3.9)                ( ))21323(
2

12
2

12||))0(||2(
1

1212
1

n
n

i

i
i

i

i

in

i
f −

=

−
++

=

−=≤⎥
⎦

⎤
⎢
⎣

⎡ −
+

+
+≤ ∑∑ δδδ                  

for all x ∈ X and n ∈ N, completing the proof of this Lemma 3.2. █ 
     In 1998  Jung [14] applied Lemma 3.1  and the author [21] employed Lemma 3.2 with  
the same absolute bound  3δ  instead of our sharper  bound  δ+2||f(0)||( )32 δδδ =+≤  in 
this paper  and  proved  a  certain Theorem on approximately even mappings  f . 
      Therefore we observe that the following sharper Theorem 3.1 holds. 
 
Theorem 3.1. Assume an approximately even mapping f : X→ Y satisfies the quadratic 
inequality (3.1). Then there exists a unique quadratic mapping Q : X→ Y such that 
||f(0)|| δ≤  ,which satisfies the quadratic equation (1.5) and the inequality  
(3.10)                                ( ) ( ) )3(||)0(||2 δδ ≤+≤− fxQxf                                                  
for a fixed δ ≥ 0 and for all x ∈ X. 
 
Note that the right-hand side of (3.10) contains no θ term. In 1998 Jung [14] applied 
Lemma 3.1  and the author [21] employed Lemma 3.2 with the same absolute bound 3δ 
instead of our sharper  bound δ+2||f(0)||( )32 δδδ =+≤  in this paper and proved also 
another Theorem on approximately odd mappings f . 
 
     Thus we note that the sharper Theorem 3.2 holds. 
 
Theorem 3.2. Assume an approximately odd mapping f : X→ Y satisfies the additive 
inequality (3.1). Then there exists a unique additive mapping A : X→ Y  such that 
||f(0)|| δ≤  , which satisfies the additive equation (1.5) and the inequality 
  
 (3.11)                                ( ) ( ) )3(||)0(||2 δδ ≤+≤− fxAxf                                                  
for a fixed δ ≥ 0 and for all x ∈ X. 
 
 

4. STABILITY OF THE EQUATION (1.5) ON A RESTRICTED DOMAIN  
 
     In this section, we establish the new Hyers-Ulam stability Theorem 4.1 on a more 
general restricted domain. 
 
Theorem 4.1. Let d > 0 and δ ≥ 0 be fixed. If an approximately even mapping f : X→ Y 

satisfies the quadratic inequality (3.1) for all xi ∈ X (i = 1, 2, 3) with dx
i

i ≥∑
=

3

1

, then 

there exists a unique quadratic mapping Q : X→ Y, such that  ||f(0)|| δ≤  and 
(4.1)                     ( ) ( ) )7(||)0(||34 δδ ≤+≤− fxQxf                                                            
for a fixed δ 0≥  and all x ∈ X. 
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Proof. Assume ∑
=

3

1i
ix < d. If xi = 0 (i = 1, 2, 3), then we choose a t ∈ X with dt 2  ≥ . 

Otherwise, choose a  Xt ∈  with dt ≥ , clearly  

(4.2)             dxttxxtx
i

i ≥−≥+++− ∑
=

3

1
321   2 , dtxx ≥++  - 21 ,   

                  dtxx ≥++   32 ,  dxtttx ≥+=++ 22   2   - . 

     Besides from (3.1) with xi = 0 (i = 1, 2, 3) we get that ( ) δ≤ 0f . 
Therefore from (3.1), (4.2), and the new functional identity 

( ) ( ) ( ) ( ) ( )0
3

1
323121

3

1

fxfxxfxxfxxfxf
i

i
i

i +++−+−+−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
∑∑
==

= 

( ) ( ) ( ) ( ) ( ) ( ) ( )[ ] 321323121321 txfxftxftxxfxxftxxfxxxf +++−+++−+−−+−++
 (with x1–t on x1, x2 on x2, and x3+t on x3) 

+ ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]tfxfxftxftxfxxftxxf −+++−−−−+−−+ 21212121  
(with x1 on x1, x2 on x2, and -t on x3) 

+ ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]tfxfxftxftxfxxftxxf ++++−+−+−++ 32323232  
(with x2 on x1, x3 on x2, and t on x3) 

- ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]tftfxfftxftxfxf +−++−+−−− 2222 0  
(with x2 on x1, -t on x2, and t on x3), 

we get 

( ) ( ) ( ) ( ) ( ) 0
3

1
323121

3

1

fxfxxfxxfxxfxf
i

i
i

i +++−+−+−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
∑∑
==

≤ δ + δ + δ + δ  = 4δ, 

or 

(4.3)      ( ) ( ) ( ) ( ) 
3

1
323121

3

1
∑∑
==

++−+−+−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

i
i

i
i xfxxfxxfxxfxf ( ) 04 fδ +≤                     

Applying the Theorem 3.1 and the inequality (4.3), we prove that 
 

||f(x)-Q(x)||≤ (4δ+||f(0)||)+2||f(0)|| 
 

=4δ+3||f(0)||(≤ 4δ+3δ=7δ). 
 
   Thus there exists a unique quadratic mapping Q : X→ Y that satisfies the quadratic 
equation (1.5) and the inequality (4.1), completing the proof of our Theorem 4.1. █ 
 
    Obviously, our inequalities (4.1) and (4.3) are also sharper than the corresponding 
inequalities of  Jung [14], where the right-hand sides were equal to 21δ( ≥ 4δ+3||f(0)||) and 
7δ(≥ 4δ+||f(0)||), respectively, because ||f(0)||≤ δ. Similarly, the above-mentioned 
inequalities (4.1) and (4.3) are also sharper than those inequalities of the author[21], where 
the right-hand sides were equal to 15δ  (≥ 4δ+3||f(0)||)  and 5δ(≥ 4δ+||f(0)||), respectively. 
 
     We note that if we define ( ){ }32 1  :3

3213 ,,i,dxXx,x,xS i =〈∈=  for some fixed d > 0, 

then ( ) 3
3

3

1

3
321 3  : S\XdxXx,x,x

i
i ⊂

⎭
⎬
⎫

⎩
⎨
⎧

≥∈ ∑
=

. 
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Corollary 4.1. If we assume that an approximately even mapping f : X→ Y satisfies the 
inequality (3.1)  for some fixed δ ≥ 0 and for all (x1, x2, x3) ∈ X 3\S3, then there exists a 
unique quadratic  mapping Q : X→ Y satisfying (4.1) for all x ∈ X. 
 
Corollary 4.2. An approximately even mapping f : X→ Y is quadratic if and only if the 
following asymptotic condition 

( ) ( ) ( ) ( ) 0 
3

1
323121

3

1

→++−+−+−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
∑∑
== i

i
i

i xfxxfxxfxxfxf , as ∞→∑
=

3

1i
ix , 

holds. 
 
     Similarly, we prove the following new Theorem 4.2. 
 
Theorem 4.2. Let d > 0 and δ ≥ 0 be fixed. If an approximately odd mapping f : X→ Y 

satisfies the additive inequality (3.1) for all xi ∈ X (i = 1, 2, 3) with dx
i

i ≥∑
=

3

1

, then there 

exists a unique additive mapping A : X → Y, such that  
(4.4)                               ( ) ( ) )7(||)0(||34 δδ ≤+≤− fxAxf                                                  
for all x ∈ X. 
. 
     Obviously, our inequalities (4.3) and (4.4) are also sharper than the corresponding 
inequalities of Jung [14], where the right-hand sides were equal to 7δ(≥ 4δ+||f(0)||) and 
21δ(≥ 4δ+3||f(0)||), respectively, because ||f(0)|| δ≤ . Similarly, the above-mentioned 
inequalities (4.3) and (4.4) are also sharper than those of the author[21], where the right-
hand sides were equal to 5δ(≥ 4δ+||f(0)||) and 15δ( ≥ 4δ+3||f(0)||), respectively. 
 
Corollary 4.3. If we assume that an approximately odd mapping f : X→ Y satisfies the 
inequality (3.1) for some fixed δ ≥ 0 and for all (x1, x2, x3) ∈ X 3\S3, then there exists a 
unique additive mapping A : X→ Y satisfying (4.4) for all x ∈ X. 
 
 Corollary 4.4. An approximately odd mapping f : X→ Y is additive if and only if the 
following asymptotic condition 

( ) ( ) ( ) ( ) 0 
3

1
323121

3

1

→++−+−+−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
∑∑
== i

i
i

i xfxxfxxfxxfxf , as ∞→∑
=

3

1i
ix , 

holds. 
 
 Remark 4.1. From (1.4) for approximately even mappings, the quadratic inequality (1.3) 
(with x1 = x, x2 = x, x3 = -x), and the triangle inequality, one obtains that 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ] ( ) 02  0223 224 2 fxfxffxfxfxfxfxf +−−−+−−−+≤− −  

≤ δ + θ + 2δ  = 3δ + θ, 
or 

( ) ( ) ( )22 21
3

 22 −− −⎟
⎠
⎞

⎜
⎝
⎛ +≤−

θδxfxf . 

     According to our works [19, 20] on quadratic mappings, one proves that 
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( ) ( ) ( )nnn xfxf 22 21
3

 22 −− −⎟
⎠
⎞

⎜
⎝
⎛ +≤−

θδ , 

holds for all n ∈ N, and all x ∈ X, which yields there is a unique quadratic mapping Q : X 
→ Y, such that  ( ) ( )xflimxQ nn

n
22 2−

∞→
=  and  

(4.5)                                                             ( ) ( )
3

 θδ +≤− xQxf ,                                         

for all fixed δ≥ 0,θ≥ 0 and all x∈X. 
   But this inequality is also sharper than the corresponding inequality of Jung [14], where 

the right-hand side was equal to
2
θδ + . 

Remark 4.2. From the triangle inequality, one gets that 
 

||f(-2x)-f(2x)-2[f(-x)-f(x)]||≤ ||f(-2x)-3f(-x)-f(x)|| + ||- [f(2x)-3f(x)-f(-x)] || 
 

≤ 2(δ+2||f(0)||)=2δ 0 (≤   6δ), 
where  δ 0 =δ+2||f(0)||. From this inequality and the hypothesis that the inequality  
 

||f(-x)-f(x)||≤ θ, 
holds for all fixed  θ≥ 0 and all x∈X, as well as from the triangle inequality, we obtain 
 

||-2[f(-x)-f(x)]||≤  ||f(-2x)-f(2x)-2[f(-x)-f(x)]|| + ||-[ f(-2x)-f(2x)]|| 
 

≤ 2δ 0 +θ, 
yielding the inequality  

||f(-x)-f(x)||≤ δ 0 +
2
θ =θ, 

or   
θ=2δ 0  

 and the inequality 
                                            
(4.6)              ||f(-x)-f(x)||≤ 2δ 0 =2(δ+2||f(0)||)                                                                 
 
holds for all fixed  δ≥ 0,and all x∈X. 
   We observe that the right-hand side 2δ 0 =2δ+4||f(0)|| of (4.6) contains no θ  term. 
   A faster way to get the inequality (4.6) is by employing the triangle inequality, so that 
 

||-2[f(-x)-f(x)]||≤  ||f(-2x)-3f(-x)-f(x)|| + ||- [f(2x)-3f(x)-f(-x)] || 
 

+ ||-[ f(-2x)-f(2x)]|| 
≤ δ 0 +δ 0 +θ=2δ 0 +θ=4δ 0 , 

or the inequality (4.6) holds for  a fixed δ≥ 0  and all x∈X. 
 
  From (4.6) and the triangle inequality, one gets that 

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ] ( ) 02  0223 224 2 fxfxffxfxfxfxfxf +−−−+−−−+≤− −  
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≤ δ+2δ 0  +2||f(0)||=3δ 0 =3δ+6||f(0)||, 
or 
                         ( ) ( ) ( )( )22 21||)0(||2 22 −− −+≤− fxfxf δ . 
     According to our works [19, 20] on quadratic mappings, one proves that 

( ) ( ) ( )( )nnn fxfxf 22 21||)0(||2 22 −− −+≤− δ , 
 
holds for all n ∈ N, and all x ∈ X, which yields there is a unique quadratic mapping Q : X 
→ Y, such that  ( ) ( )xflimxQ nn

n
22 2−

∞→
=  and  

 (4.7)                                   ( ) ( ) )3(||)0(||2 δδ ≤+≤− fxQxf  .                                        
   We note that this inequality has right-hand side which is independent of θ and therefore 
is more interesting than the corresponding inequality of Jung [14] and that of the author 
[21], which contain a θ term on the right-hand side. In particular, the right hand-side of the 

inequality of Jung [14] is equal to 
2
θδ + ,and that of the author [21] is equal to 

δ+
3
θ (<δ+

2
θ ). 

 
 Remark 4.3. From (1.4) for approximately odd mappings, the additive inequality (3.1) 
(with x1 = x, x2 = x, x3 = -x), and the triangle inequality, one gets that 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ] ( ) 02  0223 222 1 fxfxffxfxfxfxfxf ++−−+−−−+≤− −  

≤ δ + θ + 2δ  = 3δ + θ, 
or 

( ) ( ) ( )( )11 213 22 −− −+≤− θδxfxf , 

for all fixed δ≥ 0,θ≥ 0 and all x∈X. 
 

     According to our works [16-18] on additive mappings, one proves that 
( ) ( ) ( )( )nnn xfxf −− −+≤− 213 22 θδ , 

holds for all n ∈ N, and all x ∈ X, which yields that there is a unique additive mapping A : 
X → Y, such that  ( ) ( )xflimxA nn

n
22−

∞→
=  and  

(4.8)                                                            ( ) ( ) θδ +≤− 3 xAxf  ,                                        
for all fixed δ≥ 0, θ≥ 0 and all x∈X. 
 
    
Remark 4.4. From the triangle inequality, one gets that 
 

||-4[f(-x)+f(x)] ||≤ ||f(-2x)-3f(-x)-f(x)|| + ||f(2x)-3f(x)-f(-x)|| 
 

+||-[f(-2x)+f(2x)] || 
 

≤ (δ+2||f(0)||)+ (δ+2||f(0)||)+θ, 
holds for all fixed δ≥ 0, θ≥ 0 and all x∈X. From this inequality and the hypothesis that the 
inequality  
 

||f(-x)-f(x)||≤ θ, 
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holds for all fixed  θ≥ 0 and all x∈X, one obtains  the inequality 

||   f(-x)+f(x) || ≤
2
δ +||f(0)||+

4
θ =θ, 

or     

θ= ||))0(||2(
3
2 f+δ , 

and the inequality 
                       

(4.9)           ||   f(-x)+f(x) ||≤ ||))0(||2(
3
2 f+δ  ,                                                                      

holds for all fixed  δ≥ 0, and all x∈X. 
     From (1.4) for approximately odd mappings, the additive inequality (3.1) (with x1 = x, 
x2 = x, x3 = -x), and the triangle inequality, one gets that 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ] ( ) 02  0223 222 1 fxfxffxfxfxfxfxf ++−−+−−−+≤− −  

≤ δ + θ + 2||f(0)||  = δ+ ||))0(||2(
3
2 f+δ +2||f(0)|| 

 

=
3
5 (δ+2||f(0)||) ( ≤ 5δ) 

 
or 

( ) ( ) ( )11 21||)f(0)||2+(δ 
3
5 22 −− −≤− xfxf . 

     According to our works [16-18, 22] on additive mappings, one proves that 

( ) ( ) ( )nnn xfxf −− −+≤− 21||)f(0)||2(δ
3
5 22 , 

holds for all n ∈ N, and all x ∈ X, which yields that there is a unique additive mapping A : 
X → Y, such that  ( ) ( )xflimxA nn

n
22−

∞→
=  and  

 (4.10)                                             ( ) ( )
3
5 ≤− xAxf (δ+2||f(0)||) ,                                          

for all fixed  δ≥ 0,and all x∈X. 
 
  In the following definition we generalize the above functional equation (1.5). 
 
Definition 4.1. A mapping M : X→ Y is called additive (resp. quadratic) in R4 if M 
satisfies the functional equation of two types 

(4.11)                          ( ) ( ) ( )∑∑∑∑
≤〈〈≤=≤〈≤=

+++=++⎟
⎠

⎞
⎜
⎝

⎛

41

4

141

4

1 kji
kji

i
i

ji
ji

i
i xxxMxMxxMxM           

for all xi ∈ X (i = 1, 2, 3, 4).  
 
 

5. STABILITY OF THE EQUATION (4.11) 
 
     In this section, we establish new Hyers-Ulam stability Theorems below for new 
equations. 
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Theorem 5.1. Assume an approximately even mapping f : X→ Y satisfies the following 
quadratic inequality  

(5.1)                       ( ) ( ) ( ) δ≤++−−++⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
∑∑∑∑

≤〈〈≤=≤〈≤= 41

4

141

4

1

 
kji

kji
i

i
ji

ji
i

i xxxfxfxxfxf ,         

and the inequality 
                                                       ||f(-x)-f(x)||≤ θ,                                                           
                                               
for some fixed δ ≥ 0 and θ ≥ 0 and for all xi ∈ X (i = 1, 2, 3, 4). Then there exists a unique 
quadratic mapping Q : X→ Y  such that   ( ) δ≤ 0f ,    which satisfies the quadratic 
equation (4.11) and the inequality   

(5.2)                                   ( ) ( ) )5||)0(||5(
6
1 θδ ++≤− fxQxf                                              

for all fixed δ≥ 0,θ≥ 0 and all x∈X.  
 
Proof. Replacing xi = 0 (i = 1, 2, 3, 4) in (5.1), we find ( ) δ≤ 0f . Thus, substituting xi = x 
(i = 1, 2) and xj = -x (j = 3, 4) in (5.1), one gets 
 

||f(0)+[f(-2x)+f(2x)+4f(0)]-[2f(x)+2f(-x)]-[2f(x)+2f(-x)] ||≤ δ, 
 or 
(5.3)                          ( ) ( ) ( ) ( ) ||)0(||5 2244 fxfxfxfxf +≤−−−−+ δ                               
for all fixed δ≥  0, and all x ∈ X. Therefore from (5.3), (1.4), for approximately even 
mappings, the quadratic inequality (5.1), and the triangle inequality, we obtain that 

( ) ( ) ( ) ( ) ( ) ( ) 2244 242 xfxfxfxfxfxf −−−−+≤−  

+ ( ) ( )[ ] ( ) ( )xfxfxfxf 22 4 −−+−−−  ≤ δ +5||f(0)||+ 4θ + θ  = δ +5||f(0)|| + 5θ, 
or 

( ) ( ) ( )2 212 2  ( 5 || (0) || 5 ) 1 2  
6

f x f x fδ θ− −⎛ ⎞− ≤ + + −⎜ ⎟
⎝ ⎠

. 

 
     According to our works [19-20] on quadratic mappings, one proves that 

  (5.4)                  ( ) ( ) ( )nnn fxfxf 22 21)5||)0(||5(
6
1 22 −− −++≤− θδ ,                                

holds for all fixed δ≥ 0, θ≥ 0 and any n ∈ N, and all x ∈ X. Similarly from (4.11) we get, 
by induction on n, that 
(5.5)                                                           ( ) ( )xQxQ nn 22 2−= ,                                                
holds for any n ∈ N, and all x ∈ X. 
 
     By (5.4), for n ≥ m > 0, and h = 2mx, we have 

( ) ( ) ( ) ( ) ( ) 22222 2222 2222 xfxfxfxf mmmnmnmmmnn −⋅=− −−−−−−  

= ( ) ( ) ( ) 222 22 hfhf mnmnm −−−−−

( )( ) ( )nmmnm ff 2222 22)5||)0(||5(
6
121)5||)0(||5(

6
12 −−−−− −++=−++≤ θδθδ  
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 (5.6)                                < 02)5||)0(||5(
6
1 2 →++ − mf θδ  , as ∞→m .                                    

From (5.6) and the completeness of Y we get that the Cauchy sequence ( ){ }xf nn 22 2−  
converges. Therefore we [19-20] may apply a direct method to the definition of Q such that  
 
                                          ( ) ( )xflimxQ nn

n
22 2−

∞→
=   

holds for all x ∈ X. From the quadratic inequality (5.1), it follows that   
 

  ( ) ( ) ( ) ∞→→≤++−−++⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −

≤〈〈≤=≤〈≤=
∑∑∑∑ n,xxxQxQxxQxQ n

kji
kji

i
i

ji
ji

i
i   as  02 2

41

4

141

4

1

δ , 

 
for all xi ∈ X (i = 1, 2, 3, 4). Thus it is obvious that Q satisfies the quadratic equation 
(4.11). Analogously, by (1.4), we can show that Q(0) = 0 (with xi = 0 (i = 1, 2, 3, 4) in 
(4.11) ) and that Q is even from (1.4) with 2nx on place of x, 
 
                                             ( ) ( ) ∞→→≤−− − n,xQxQ n   as  02 2 θ ,  
or Q(-x) = Q(x). 
     According to (5.4), one gets that the inequality (5.2) holds. Assume now that there is 
another quadratic mapping Q´: X→ Y which satisfies the quadratic equation (4.11), the 
formula (5.5) and the inequality (5.2). Therefore 

 ( ) ( ) ( ) ( ) 222 2 xQxQxQxQ nnn ′−=′− − ( ) ( ) ( ) ( )[ ]   22 22 2 2 xQxfxfxQ nnnnn ′−+−≤ −  

                                             ∞→→++≤ − nf n   as  ,02)5||)0(||5(
6
12 2θδ ,   or 

Q´(x) = Q(x), 
for all xi ∈ X, completing the proof of our Theorem 5.1. █  
 
    
We establish below the new Theorem 5.2 on quadratic mappings, which contains no θ 
terms, and is much sharper than the above Theorem 5.1. 
 
Theorem 5.2. Assume an approximately even mapping f : X→ Y satisfies the following 
quadratic inequality  

                   ( ) ( ) ( ) δ≤++−−++⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
∑∑∑∑

≤〈〈≤=≤〈≤= 41

4

141

4

1

 
kji

kji
i

i
ji

ji
i

i xxxfxfxxfxf ,           

and the inequality 
||4f(x)-f(2x)||≤ η, 

                                               
for some fixed δ ≥ 0 and η ≥ 0 and for all xi ∈ X (i = 1, 2, 3, 4). Then there exists a unique 
quadratic mapping Q : X→ Y such that ( ) δ≤ 0f ,  which satisfies the quadratic equation 
(4.11) and the inequality   

( ) ( ) ||))0(||5(
6
1 fxQxf +≤− δ  

for all fixed δ≥ 0 and all x∈X.  
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Proof. From the above inequality (5.3) and the triangle inequality, we get 

 
( ) ( ) ( ) ( )

||,)0(||52
||)2()(4||||)2()(4|| 2244

f
xfxfxfxfxfxfxfxf

+==+≤

−−−+−≤−−−−+

δηηη
 

 
or  

η=  
2

||)0(||5 f+δ  , 

and therefore 
 

 ||4f(x)-f(2x)|| ≤  
2

||)0(||5 f+δ , 

or 

||f(x)-2 ||)2(2 xf− ≤ )21(
6

||)0(||5 2−−
+ fδ  

holds for all fixed δ≥ 0, and all x .X∈  
 
The rest of the proof is omitted as similar to the proof of the above Theorem 5.1. █ 
 
We establish below the new stability Theorem 5.3 on additive mappings. 
 
 
Theorem 5.3. Assume an approximately odd mapping f : X→ Y satisfies the following 
additive inequality  

                   ( ) ( ) ( ) δ≤++−−++⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
∑∑∑∑

≤〈〈≤=≤〈≤= 41

4

141

4

1

 
kji

kji
i

i
ji

ji
i

i xxxfxfxxfxf ,           

 
and the inequalities 

||f (-x)+f(x)|| ε≤  , 
 and     

||2f(x)-f(2x)||≤ ζ, 
                                          
for some fixed ε ,0≥ δ ≥ 0 and ζ ≥ 0 and for all xi ∈ X (i = 1, 2, 3, 4). Then there exists a 
unique additive mapping A : X→ Y, such that   ( ) δ≤ 0f  and 

                                                        ( ) ( )xflimxA nn

n
22−

∞→
= , 

which satisfies the additive  equation (4.11) and the inequality   

( ) ( ) ||))0(||5(
6
1 fxAxf +≤− δ  

for all fixed δ≥ 0 and all x∈X.  
 
 
Proof. From the above inequality (5.3) and the triangle inequality, one gets 
 

||4[f(-x)+f(x)]||≤  ( ) ( ) ( ) ( ) 2244 xfxfxfxf −−−−+  
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+    ( ) ( )xfxf 22 +− , 
 

≤ (δ+5||f(0)||)+ε = 4ε, 
or 

                            ε= ||))0(||5(
3
1 f+δ   ,              

for all fixed  δ  0≥  . 
                       
    Therefore  

||f (-x)+f(x)||≤  ||))0(||5(
3
1 f+δ  

( )2δ≤  , 
 
for all fixed δ≥ 0 and all x∈X.  
 
     Thus from the above inequality (5.3) and the triangle inequality, one obtains 
 

( ) ( ) ( ) ( ) ||)2()(2||||)2()(2|| 2244 xfxfxfxfxfxfxfxf −−−+−≤−−−−+  
 

+2||f(-x)+f(x)|| 
 

≤ ζ+ζ+ ||))0(||5(
3
2 f+δ   =δ+5||f(0)||, 

                                                                 
or 

                                                           ζ= ||))0(||5(
6
1 f+δ , 

and thus 
                                                

||2f(x)-f(2x)||≤ ||))0(||5(
6
1 f+δ )( δ≤ , 

for all fixed δ≥ 0 and all x∈X.  
 
   Therefore, we obtain 
                                              

    ( ) ( ) ( )11 21||)f(0)||5+(δ 
6
1 22 −− −≤− xfxf , 

 
for all fixed δ≥ 0 and all x∈X.  
 
     According to our works [16-18, 22] on additive mappings, one proves that 

( ) ( ) ( )nnn xfxf −− −+≤− 21||)f(0)||5(
6
1 22 δ , 

holds for all n ∈ N, and all x ∈ X, which yields that there is a unique additive mapping A : 
X → Y, such  that 
                                              ( ) ( )xflimxA nn

n
22−

∞→
=  

 and  
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                                               ( ) ( )
6
1 ≤− xAxf (δ+5||f(0)||) ,                                          

 
for all fixed  δ≥ 0,and all x∈X. 
 
    The rest of the proof is omitted as similar to the proofs of our Theorems above, and in 
our works [16-18, 22], on additive mappings. █ 
 
 

6. STABILITY OF THE EQUATION (4.11) ON A RESTRICTED DOMAIN  
 

     In this section, we establish the new Hyers-Ulam stability Theorem 6.1 for more general 
quadratic equations on a restricted domain. This Theorem is sharper than our Theorem 6.1 
in our work [21]. 
 
 
Theorem 6.1. Let d > 0, δ ≥ 0 and θ ≥ 0 be fixed. If an approximately even mapping f : X→ 

Y satisfies the quadratic inequality (5.1) for all xi ∈ X (i = 1, 2, 3) with dx
i

i ≥∑
=

4

1

, then 

there exists a unique quadratic mapping Q : X→ Y, such that    ( ) δ≤ 0f  and 
 

(6.1)             ( ) ( ) )
63

15(
6

5||)0(||64
⎟
⎠
⎞

⎜
⎝
⎛ +≤

++
≤−

θδθδ fxQxf                                                           

for all x ∈ X. 
 

 Proof. Assume ∑
=

4

1i
ix < d. We choose a t ∈ X with dt 2  ≥ . Clearly, we see 

                        dxtxtxxtx
i

i ≥−≥++++− ∑
=

4

1
4321   2 , 

(6.2)                 ( ) dxxxttxxx ≥+++=+++     - 421421  ,   

                         dtxxx ≥+++   432 , dttxx ≥+++  -   42 . 

Besides from (5.1) with xi = 0 (i = 1, 2, 3, 4) we get that ( ) δ≤ 0f . Therefore from (5.1), 
(6.2), and the following new functional identity 

 

( ) ( ) ( ) ( )432431421321

4

1

xxxfxxxfxxxfxxxfxf
i

i ++−++−++−++−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
∑
=

 

( ) ( ) ( ) ( ) ( ) ( )434232413121 xxfxxfxxfxxfxxfxxf ++++++++++++  

( ) ( ) =−−∑
=

4

1

0
i

i fxf  

= ( ) ( ) ( ) ( )txxxfxxxftxxxfxxxfxf
i

i +++−++−−++−++−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
∑
=

432431421321

4

1

 

( ) ( ) ( ) ( ) ( ) ( )txxfxxftxxftxxfxxftxxf ++++++++−++++−++ 434232413121  
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( ) ( ) ( ) ( )4321 xftxfxftxf −+−−−−   (with x1–t on x1, x2 on x2, x3+t on x3,and x4 on x4) 
( ) ( ) ( ) ( )[ txxftxxfxxxftxxxf −+−−+−++−−+++ 4121421421  

( ) ( ) ( ) ( ) ( ) ( ) ( )txftxfxxftxfxxfxxftxxf −+−+++−+++++−+− 42421412142  
( ) ( ) ( ) ( )]tfxfxfxf −−−−− 421   (with x1 on x1, x2 on x2, x4 on x3,and -t on x4) 

( ) ( ) ( ) ( )[ txxftxxfxxxftxxxf ++−++−++−++++ 4232432432  
( ) ( ) ( ) ( ) ( ) ( ) ( )txftxfxxftxfxxfxxftxxf ++++++++++++++− 43432423243  

( ) ( ) ( ) ( )]tfxfxfxf −−−− 432   (with x2 on x1, x3 on x2, x4 on x3,and t on x4) 
( ) ( ) ( ) ( )[ ( )42424242 xfxftxxftxxfxxf −−−+−++−+−  
( ) ( ) ( ) ( ) ( ) ( )0442242 ftxftxftxftxfxxf +−+++−+++++  

( ) ( ) ( ) ( )]tftfxfxf −−−−− 42   (with x2 on x1, x4 on x2, t on x3,and -t on x4), 
we get the inequality  

(6.3)       ( ) ( ) ( ) ( ) 04 
41

4

141

4

1

fxxxfxfxxfxf
kji

kji
i

i
ji

ji
i

i +≤++−−++⎟
⎠

⎞
⎜
⎝

⎛ ∑∑∑∑
≤〈〈≤=≤〈≤=

δ .  

              
     Applying the Theorem 5.1 and the inequality (6.3), we prove that 

||f(x)-Q(x)||≤ [ θδ 5||)0(||5||))0(||4( +++ ff ]/6 

= )
63

15(
6

5||)0(||64
⎟
⎠
⎞

⎜
⎝
⎛ +≤

++ θδθδ f . 

 
                    
   Thus there exists a unique quadratic mapping Q : X→ Y that satisfies the quadratic 
equation (4.11) and the inequality (6.1), such that  ( ) ( )xflimxQ nn

n
22 2−

∞→
= ,  completing the 

proof of the Theorem 6.1. █ 
 
    Obviously our inequalities (5.2) and (6.1) are sharper than the corresponding inequalities 
of  the author [21], where the right-hand sides were equal to 
 

δ+ ≥θ
6
5  )5||)0(||5(

6
1 θδ ++ f     and   5(δ+ ≥)

6
θ  )

63
15(

6
5||)0(||64

⎟
⎠
⎞

⎜
⎝
⎛ +≤

++ θδθδ f , 

 
 respectively. 
     We note that if we define ( ){ }432 1  :4

43214 ,,,i,dxXx,x,x,xS i =〈∈=  for some fixed 

d > 0, then ( ) 4
4

4

1

4
4321 4  : S\XdxXx,x,x,x

i
i ⊂

⎭
⎬
⎫

⎩
⎨
⎧

≥∈ ∑
=

. 

 
Corollary 6.1. If we assume that an approximately even mapping f : X→ Y satisfies the 
inequality (5.1) for some fixed δ ≥ 0 and θ ≥ 0, and for all (x1, x2, x3, x4) ∈ X 4\S4, then there 
exists a unique quadratic mapping Q : X→ Y satisfying (6.1)  for all x ∈ X. 
 
 Corollary 6.2. An approximately even mapping f : X→ Y is quadratic and satisfies the 
quadratic equation (4.11)  if and only if the following asymptotic condition 
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 as       ∞→∑
=

4

1i
ix ,   holds. 

  
    We establish below the new Hyers-Ulam stability Theorem 6.2 for   general quadratic 
equations on a restricted domain. This Theorem is sharper than our Theorem 6.1 above. 
 
 
Theorem 6.2. Let d > 0, δ ≥ 0 and θ ≥ 0 be fixed. If an approximately even mapping f : X→ 

Y satisfies the quadratic inequality (5.1) for all xi ∈ X (i = 1, 2, 3) with dx
i

i ≥∑
=

4

1

, then 

there exists a unique quadratic mapping Q : X→ Y, such that    ( ) δ≤ 0f   and 
 

(6.4)                      ( ) ( ) 2 3 || (0) || 5( )
3 3

ff x Q x δ δ+
− ≤ ≤  

for all  fixed  δ 0≥  and  all x ∈ X. 
 
Proof. Applying the Theorem 5.2   and the inequality (6.3), we prove that 

||f(x)-Q(x)||≤ ||])0(||5||))0(||4[(
6
1 ff ++δ  

= 2 3 || (0) || 5( )
3 3

fδ δ+
≤ . 

    The rest of the proof of this Theorem is omitted as similar to the proof of the Theorem 
6.1. █ 
 
Corollary 6.3. If we assume that an approximately even mapping f : X→ Y satisfies the 
inequality (5.1) for some fixed δ ≥ 0 and θ ≥ 0, and for all (x1, x2, x3, x4) ∈ X 4\S4, then there 
exists a unique quadratic mapping Q : X→ Y satisfying (6.4)  for all x ∈ X. 
 
 Corollary 6.4. An approximately even mapping f : X→ Y is quadratic and satisfies the 
quadratic equation (4.11)  if and only if the following asymptotic condition 
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We establish below the new Hyers-Ulam stability Theorem 6.3 for   general additive 
equations on a restricted domain.  
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Theorem 6.3. Let d > 0, δ ≥ 0 and θ ≥ 0 be fixed. If an approximately odd mapping f : X→ 

Y satisfies the additive  inequality (5.1) for all xi ∈ X (i = 1, 2, 3) with dx
i

i ≥∑
=

4

1

, then 

there exists a unique additive  mapping   A : X→ Y, such that  ( ) δ≤ 0f  and  

(6.5)               ( ) ( ) 2 3 || (0) || 5( )
3 3

ff x Q x δ δ+
− ≤ ≤  

 
for all  fixed δ o≥  and all x ∈ X. 
 
Proof. We apply the functional inequality of the above Theorem 6.1,which holds also for 
the additive mappings, and thus we get  the inequality (6.3). 
    The rest of the proof is omitted as similar to the proof of the Theorem 6.1. █ 
 
 
Corollary 6.5. If we assume that an approximately odd  mapping f : X→ Y satisfies the 
inequality (5.1) for some fixed δ ≥ 0 and θ ≥ 0, and for all (x1, x2, x3, x4) ∈ X 4\S4, then there 
exists a unique additive  mapping Q : X→ Y satisfying (6.5)  for all x ∈ X. 
 
 Corollary 6.6. An approximately odd mapping f : X→ Y is additive and satisfies the 
additive equation (4.11)  if and only if the following asymptotic condition 
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