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1. Introduction

In 1968 S.M. Ulam [17] proposed the general stability problem: ‘‘When is it true
that by changing a little the hypotheses of a theorem one can still assert that the
thesis of the theorem remains true or approximately true?’’. According to P.M.
Gruber [3] this kind of stability problems is of particular interest in probability
theory and in the case of functional equations of di¤erent types. In 1982–1999 we
([5]–[15]) solved the above Ulam problem for di¤erent mappings. In this paper we
first introduce new quadratic weighted means and fundamental functional equations

and then solve the Hyers-Ulam stability problem ([4], [17]–[18]) for quadratic map-
pings Q : Z ! W on the Gaussian plane C, satisfying a mean equation and the
functional equation

Q
Xn
i¼1

aizi

 !
þ

X
1ai< jan

Qðajzi � aizjÞ ¼ m
Xn
i¼1

QðziÞ;

for every complex zi A Z ði ¼ 1; 2; . . . ; nÞ, and fixed complex ai ði ¼ 1; 2; . . . ; nÞ:

0 < m ¼
Xn
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jaij2 0 1 þ n
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where Z and W are complex linear spaces (on a field of characteristic0 2). We
note that in 1996–1998 we ([13], [14]) established the corresponding case n ¼ 2 on
the real plane R2.

To the best of our knowledge the afore-mentioned functional equations are
established for the first time for n > 2 and are the most general quadratic func-
tional equations of this kind till now.

2. Fundamental Functional Equation of First Type

Let Z and W be complex linear spaces (on a field of characteristic0 2). Then we
consider a non-linear mapping Q : Z ! W satisfying the fundamental functional

equation of first type

Qða1zÞ þ
Xn
j¼2

QðajzÞ ¼
Xn
i¼1

QðaizÞ; ð�Þ

(z ¼ conjugate of z, and ai ¼ conjugate of ai), with

1 < m ¼
Xn
i¼1

jaij2 0 1 þ n

2

� �� ��
n; n ¼ 2; 3; 4; . . . ;

and every z A Z, as well as any fixed a ¼ ða1; a2; . . . ; anÞ A Cn, a0 0.
We note that if zi, ai ði ¼ 1; 2Þ A R, then

m ¼
X2

i¼1

a2
i > 1;

and equation ð�Þ is an identity in Z.
Thus ð�Þ is not required.

Definition 2.1. Let Z and W be linear spaces (on a field of characteristic0 2).
Let a ¼ ða1; a2; . . . anÞ0 ð0; 0; . . . ; 0Þ with ai A C ði ¼ 1; 2; . . . ; nÞ. Then a map-
ping Q : Z ! W is called quadratic with respect to a if the functional equa-
tion

Q
Xn
i¼1

aizi

 !
þ

X
1ai< jan

Qðajzi � aizjÞ ¼ m
Xn
i¼1

QðziÞ; ð1Þ

holds for every vector ðz1; z2; . . . ; znÞ A Zn, and a fixed real a0 0:
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1 < m ¼
Xn
i¼1

jaij2 0 1 þ n

2

� �� ��
n;

([5]–[15]).
We note that if we set QðzÞ ¼ jzj2 for z A C, then the mapping Q : C ! R is

quadratic with respect to any a A Cn, a0 0.
Also if Q : C ! R is quadratic with respect to any a A Cn, a0 0, then we have

QðzÞ ¼ Qð1Þjzj2.
Finally if Q : Z ! W is quadratic with respect to a ¼ ða1; a2; . . . ; anÞ A Cn such

that 1 < m ¼
Pn
i¼1

jaij2 0 1 þ n

2

� �� ��
n, then we have

QðmnzÞ ¼ ðmnÞ2
QðzÞ; ð2Þ

for all z A Z and all n A N.
In fact, substitution of zi ¼ 0 ði ¼ 1; 2; . . . ; nÞ in Eq. (1) yields

Qð0Þ þ n

2

� �
Qð0Þ ¼ m½nQð0Þ�;

or

mn� 1 þ n

2

� �� �� �
Qð0Þ ¼ 0;

or

Qð0Þ ¼ 0: ð1aÞ

Substituting z1 ¼ z, zj ¼ 0 ð j ¼ 2; 3; . . . ; nÞ in Eq. (1) and employing (1a) one
gets that

Qða1zÞ þ
Xn
j¼2

QðajzÞ þ
n� 1

2

� �
Qð0Þ ¼ m½QðzÞ þ ðn� 1ÞQð0Þ�;

or

Qða1zÞ þ
Xn
j¼2

QðajzÞ ¼ mQðzÞ; ð2aÞ

holds for all z A Z.
Moreover substitution of zi ¼ aiz ði ¼ 1; 2; . . . ; nÞ in Eq. (1) and using (1a) one

finds
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QðmzÞ þ n

2

� �
Qð0Þ ¼ m

Xn
i¼1

QðaizÞ;

or

Xn
i¼1

QðaizÞ ¼ m�1QðmzÞ; ð2bÞ

holds for all z A Z.
Functional equations (2a)–(2b) yield

QðmzÞ ¼ m2QðzÞ ð2cÞ

for all z A Z. Then induction on n A N with z replaced by mn�1z yields equation
(2).

Definition 2.2. Let Z and W be linear spaces (on a field of characteristic0 2). Let
a ¼ ða1; a2; . . . ; anÞ A Cn be 0 ð0; 0; . . . ; 0Þ.

For z A Z and

1 < m ¼
Xn
i¼1

jaij2 0 1 þ n

2

� �� ��
n; n ¼ 2; 3; 4; . . . ;

set

Qa
1 ðzÞ ¼

Xn
i¼1

QðaizÞ
,Xn

i¼1

jaij2; ð3Þ1

and

Qa
2 ðzÞ ¼ Qða1zÞ þ

Xn
j¼2

QðajzÞ
" #,Xn

i¼1

jaij2: ð3Þ2

Then the mappings Qa
i ði ¼ 1; 2Þ : Z ! W are the quadratic weighted means of

second and first form with respect to a, respectively.
We note that if Q : Z ! W is quadratic with respect to a A Cn : a0 0, then we

have the mean functional equation with respect to a

Qa
1 ðzÞ ¼ Qa

2 ðzÞ
�
¼QðzÞ

�
½��

for every z A Z and i ¼ 1; 2, which is equivalent to the fundamental equation ð�Þ.

486 J.M. Rassias



Theorem 2.1. Let Z be a complex normed linear space and let W be a complete

normed linear space (on a field of characteristic0 2). Let a ¼ ða1; a2; . . . ; anÞ A

Cn : a0 0 with 1 < m ¼
Pn
i¼1

jaij2 0 1 þ n

2

� �� ��
n, for n ¼ 2; 3; 4; . . . : Assume

that f : Z ! W is a mapping for which there exists eb 0 (:¼a constant indepen-

dent of zi) such that the functional inequality

f
Xn
i¼1

aizi

 !
þ

Xn
1ai< jan

f ðajzi � aizjÞ �m
Xn
i¼1

f ðziÞ
�����

�����a e ð4Þ2

holds for every vector ðz1; z2; . . . ; znÞ A Zn. Assume in addition that f : Z ! W is a

mapping such that the fundamental functional inequality

k f a
2 ðzÞ � f a

1 ðzÞka d

,Xn
i¼1

jaij2; ð4Þ1

holds for every complex z A Z, db 0 (:¼a constant independent of z) and any fixed

a0 0, where

f a
2 ðzÞ ¼ f ða1zÞ þ

Xn
j¼2

f ðajzÞ
" #,Xn

i¼1

jaij2; and f a
1 ðzÞ ¼

Xn
i¼1

f ðaizÞ
,Xn

i¼1

jaij2

are quadratic weighted means of second and first form, with respect to a, respectively.

Then the limit

QðzÞ ¼ lim
n!y

m�2nf ðmnzÞ ð5Þ

exists for every z A Z and Q : Z ! W is the unique quadratic mapping with respect

to a such that

k f ðzÞ �QðzÞka c; ð6Þ

and

QðzÞ ¼ m�2nQðmnzÞ; ð6aÞ

hold for every complex z A Z with constant

c ¼ 1

2

2m mn� 1 þ
n

2

� �� �				
				þmðn� 1Þj2m� nþ 2j þ 2 mn� 1þ

n

2

� �� �				
				þ n

2

� �
 �
 �
eþ 2m mn� 1þ

n

2

� �� �				
				 d

ðm2 � 1Þ mn� 1þ
n

2

� �� �				
				

:
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For instance, for n ¼ 2, we get m > 1 and

c ¼ 1

2

ð3m2 � 1Þeþ 2mðm� 1Þd
ðm� 1Þ2ðmþ 1Þ

:

Note also that for zi ¼ xi A R ði ¼ 1; 2; . . . ; nÞ we don’t need inequality (4)1.
In this real case the above-mentioned constant c doesn’t include the term

2m mn� 1 þ n

2

� �� �				
				d in the numerator.

Proof of Existence in Theorem 2.1. Substitution of zi ¼ 0 ði ¼ 1; 2; . . . ; nÞ in
inequality (4)2 yields that

f ð0Þ þ
X

1ai< jan

f ð0Þ �m
Xn
i¼1

f ð0Þ
�����

�����a e;

or

k f ð0Þka e

�
mn� 1 þ n

2

� �� �				
				 ¼

e

mn� 1 þ n

2

� �� � ; m >

1 þ n

2

� �
n

e

1 þ n

2

� �
�mn

; 1 < m <

1 þ n

2

� �
n

8>>>>>>>>>>>><
>>>>>>>>>>>>:

;

ð7Þ

1 < m0 1 þ n

2

� �� ��
n.

Moreover substituting z1 ¼ z, zj ¼ 0 ð j ¼ 2; 3; . . . ; nÞ in inequality (4)2 and
employing (7) as well as the triangle inequality one concludes the functional
inequality

f ða1zÞ þ
Xn
j¼2

f ðajzÞ þ
n� 1

2

� �
f ð0Þ �m½ f ðzÞ þ ðn� 1Þ f ð0Þ�

�����
�����a e;

or

f a
2 ðzÞ þ

1

m

n� 1

2

� �
f ð0Þ � f ðzÞ � ðn� 1Þ f ð0Þ

����
����a e=m;

or
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f a
2 ðzÞ � f ðzÞ � ðn� 1Þð2m� nþ 2Þ

2m
f ð0Þ

����
����a e=m;

or

k f a
2 ðzÞ � f ðzÞka e

m
þ ðn� 1Þj2m� nþ 2j

2m
k f ð0Þk;

or

k f a
2 ðzÞ � f ðzÞka 1

2

2 mn� 1 þ n

2

� �� �				
				þ ðn� 1Þj2m� nþ 2j

m mn� 1 þ n

2

� �� �				
				

e; ð8Þ

where

f a
2 ðzÞ ¼ f ða1zÞ þ

Xn
j¼2

f ðajzÞ
" #,Xn

i¼1

jaij2: ð8aÞ

In addition replacing zi ¼ aiz ði ¼ 1; 2; . . . ; nÞ in inequality (4)2 and using (7) as
well as the triangle inequality, one gets the functional inequality

f ðmzÞ þ n

2

� �
f ð0Þ �m

Xn
i¼1

f ðaizÞ
�����

�����a e;

or

k f a
1 ðzÞ �m�2f ðmzÞka e

m2
þ 1

m2

n

2

� �
k f ð0Þk;

or

k f a
1 ðzÞ �m�2f ðmzÞka

mn� 1 þ n

2

� �� �				
				þ n

2

� �

m2 mn� 1 þ n

2

� �� �				
				

e; ð9Þ

where

f a
1 ðzÞ ¼

Xn
i¼1

f ðaizÞ
,Xn

i¼1

jaij2: ð9aÞ
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Moreover

k f a
2 ðzÞ � f a

1 ðzÞk ¼
f ða1zÞ þ

Pn
j¼2

f ðajzÞ �
Pn
i¼1

f ðaizÞ
�����

�����
Pn
i¼1

jaij2
:

Employing the fundamental functional inequality (4)1, one gets the equivalent
inequality

f ða1zÞ þ
Xn
j¼2

f ðajzÞ �
Xn
i¼1

f ðaizÞ
�����

�����a d: ð4aÞ1

Functional inequalities (8)–(9) and (4)1 (or (4a)1) and the triangle inequality
yield the basic inequality

k f ðzÞ �m�2f ðmzÞka k f ðzÞ � f a
2 ðzÞk þ k f a

2 ðzÞ � f a
1 ðzÞk þ k f a

1 ðzÞ �m�2f ðmzÞk;

or

k f ðzÞ �m�2f ðmzÞka cð1 �m�2Þ; with 1 < m0 1 þ n

2

� �� ��
n; ð10Þ

where c is given in Theorem 2.1.
For instance, if n ¼ 2 : a1 ¼ a2 ¼ 1 or m ¼ 2 > 1 and zi ¼ xi A R ði ¼ 1; 2Þ or

zi ¼ xi A R ði ¼ 1; 2Þ, then there is no d-part in c because f a
1 ðzÞ ¼ f a

2 ðzÞ for all real
z ¼ x A R. Hence c ¼ ð11=6Þe. We note that in this case a better constant c ¼
ð1=2Þe

�
<ð11=6Þe

�
may be found if the new substitution z1 ¼ z2 ¼ x A R is applied

into inequality (4)2 with ai ¼ 1 ði ¼ 1; 2Þ. In fact, k f ð2xÞ þ f ð0Þ � 4f ðxÞka e with

k f ð0Þka e=2, or k f ð2xÞ � 4f ðxÞka eþ k f ð0Þka 3

2
e, or

k f ðxÞ � 2�2f ð2xÞka cð1 � 2�2Þ; c ¼ 1

2
e: ð11Þ

By induction on n A N with z replaced by mn�1z in (10) we claim that the gen-

eral functional inequality

k f ðzÞ �m�2nf ðmnzÞka cð1 �m�2nÞ; ð12Þ

holds for every complex z A Z, all n A N, and any fixed a0 0 such that m > 1 with

m0 1 þ n

2

� �� ��
n.

490 J.M. Rassias



In fact, the basic inequality (10) with z replaced by mn�1z yields inequality

k f ðmn�1zÞ �m�2f ðmnzÞka cð1 �m�2Þ;

or

km�2ðn�1Þf ðmn�1zÞ �m�2nf ðmnzÞka cðm�2ðn�1Þ �m�2nÞ; ð12aÞ

for all z A Z.
By induction hypothesis with n replaced by n� 1 in (12) inequality

k f ðzÞ �m�2ðn�1Þf ðmn�1zÞka cð1 �m�2ðn�1ÞÞ ð12bÞ

holds for all z A Z.
Thus functional inequalities (12a)–(12b) and the triangle inequality imply

k f ðzÞ �m�2nf ðmnzÞk

a k f ðzÞ �m�2ðn�1Þf ðmn�1zÞk þ km�2ðn�1Þ f ðmn�1zÞ �m�2nf ðmnzÞk

a c½ð1 �m�2ðn�1ÞÞ þ ðm�2ðn�1Þ �m�2nÞ� ¼ cð1 �m�2nÞ;

completing the proof of the required inequality (12).
Claim now that the sequence fgnðzÞg : gnðzÞ ¼ m�2nf ðmnzÞ converges.
Note that from the general inequality (12) and the completeness of W one

proves that the above sequence is a Cauchy sequence.
In fact, if i > j > 0, then

kgiðzÞ � gjðzÞk ¼ km�2if ðmizÞ �m�2j f ðm jzÞk

¼ m�2jkm�2ði�jÞf ðmizÞ � f ðm jzÞk; ð13Þ

for all complex z A Z and all i; j A N.
Setting h ¼ m jz in (13) and employing the general inequality (12) one concludes

that

kgiðzÞ � gjðzÞk ¼ m�2jkm�2ði�jÞf ðmi�jhÞ � f ðhÞk

am�2jcð1 �m�2ði�jÞÞ ¼ cðm�2j �m�2iÞ < cm�2j;

or

lim
j!y
i>j

kgiðzÞ � gjðzÞk < c lim
j!y
i>j

m�2j

0
@

1
A ¼ 0;

or
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lim
j!y
i>j

kgiðzÞ � gjðzÞk ¼ 0; ð13aÞ

completing the proof that the sequence fgnðzÞg converges. Hence Q ¼ QðzÞ is a

well-defined mapping via the formula (5). This means that the limit (5) exists for
all complex z A Z.

In addition claim that mapping Q : Z ! W satisfies the functional equation (1)
for all complex zi A Z ði ¼ 1; 2; . . . ; nÞ.

In fact, it is clear from the functional inequality (4)2 and the limit (5) that
inequality

m�2n f
Xn
i¼1

aim
nzi

 !
þ

X
1ai< jan

f ðajmnzi � aim
nzjÞ �m

Xn
i¼1

f ðmnziÞ
�����

�����am�2ne;

ð14Þ

holds for all complex zi A Z ði ¼ 1; 2; . . . ; nÞ, and all n A N. Therefore

0a

����� lim
n!y

m�2nf mn
Xn
i¼1

aizi

 !" #
þ

X
1ai< jan

lim
n!y

m�2nf ½mnðajzi � aizjÞ�

�m
Xn
i¼1

lim
n!y

m�2nf ðmnziÞ
�����a 0;

or

Q
Xn
i¼1

aizi

 !
þ

X
1ai< jan

Qðajzi � aizjÞ �m
Xn
i¼1

QðziÞ
�����

����� ¼ 0;

or the mapping Q : Z ! W satisfies the functional Eq. (1) for all complex
zi A Z ði ¼ 1; 2; . . . ; nÞ. Thus Q is a quadratic mapping with respect to a ¼
ða1; a2; . . . ; anÞ A Cn. It is clear now from (12), n ! y, and (5) that inequality (6)
holds in Z, completing the existence proof of Theorem 2.1.

Proof of Uniqueness in Theorem 2.1. Let Q 0 : Z ! W be another quadratic map-
ping satisfying Eq. (1), such that

k f ðzÞ �Q 0ðzÞka c; ð6Þ0

holds for all z A Z.
If there exists a quadratic mapping Q : Z ! W satisfying Eq. (1), then

Q 0 1Q: ð15Þ
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To prove the above-mentioned uniqueness (or Eq. (15)) we employ (6a) for Q

and Q 0, as well, so that

Q 0ðzÞ ¼ m�2nQ 0ðmnzÞ; ð6aÞ0

holds for all z A Z, and all n A N. Moreover the triangle inequality and the func-
tional inequalities (6)–(6) 0 yield

kQðmnzÞ �Q 0ðmnzÞka kQðmnzÞ � f ðmnzÞk þ k f ðmnzÞ �Q 0ðmnzÞk;

or

kQðmnzÞ �Q 0ðmnzÞka 2c; ð16Þ

for all complex z A Z, and all n A N.
Then from (6a)–(6a) 0, and (16), one proves that

kQðzÞ �Q 0ðzÞk ¼ km�2nQðmnzÞ �m�2nQ 0ðmnzÞk;

or

kQðzÞ �Q 0ðzÞka 2ðm�2nÞc; ð16aÞ

holds for all z A Z, and all n A N.
Therefore from (16a), and n ! y, one establishes

0a lim
n!y

kQðzÞ �Q 0ðzÞka 2 lim
n!y

m�2n
� 

c ¼ 0

or

kQðzÞ �Q 0ðzÞk ¼ 0;

or

QðzÞ ¼ Q 0ðzÞ ð17Þ

for all z A Z, completing the proof of uniqueness and thus the stability of The-
orem 2.1.

3. Fundamental Functional Equation of Second Type

Let Z and W be linear spaces (on a field of characteristic0 2). Then we consider a
non-linear mapping Q : Z ! W satisfying the fundamental functional equation of

second type

Q
a1

m
z

� �
þ
Xn
j¼2

Q
aj

m
z

� �
¼
Xn
i¼1

Q
ai

m
z

� �
; ð��Þ
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with

0 < m ¼
Xn
i¼1

jaij2 < 1

and every z A Z, as well as any fixed a ¼ ða1; a2; . . . ; anÞ A Cn, a0 0.
We note that if zi, ai ði ¼ 1; 2Þ A R, then

0 < m ¼
X2

i¼1

a2
i < 1;

and equation ð��Þ is an identity in Z.
Thus ð��Þ is not required.
Moreover the functional equation

Qðm�nzÞ ¼ ðm�nÞ2
QðzÞ ð2Þ0

holds for all complex z A Z, and all n A N:

0 < m < 1:

In fact substitution of zi ¼ 0 ði ¼ 1; 2; . . . ; nÞ in Eq. (1) yields

Qð0Þ ¼ 0: ð1aÞ0

Substituting z1 ¼ z

m
, zj ¼ 0 ð j ¼ 2; 3; . . . ; nÞ in Eq. (1) and employing (1a) 0 one

finds that

Q
a1

m
z

� �
þ
Xn
j¼2

Q
aj

m
z

� �
¼ mQðm�1zÞ; ð2aÞ0

holds for all complex z A Z.
In addition substituting zi ¼

ai

m
z ði ¼ 1; 2; . . . ; nÞ in Eq. (1) and employing (1a) 0

one gets that

Xn
i¼1

Q
ai

m
z

� �
¼ m�1QðzÞ; ð2bÞ0

holds for all complex z A Z.
Functional equations (2a) 0–(2b) 0 and ð��Þ yield

Qðm�1zÞ ¼ ðm�1Þ2
QðzÞ; ð2cÞ0

for all z A Z. Then induction on n A N with z replaced by m�ðn�1Þz yields equation
(2) 0.
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Definition 3.1. Let Z and W be linear spaces (on a field of characteristic0 2). Let
a ¼ ða1; a2; . . . ; anÞ A Cn be 0ð0; 0; . . . ; 0Þ and b ¼ ðb1; b2; . . . ; bnÞ A Cn : bi ¼ ai=m
ði ¼ 1; 2; . . . ; nÞ. For z A Z and

0 < m ¼
Xn
i¼1

jaij2 < 1

set

Qb
1 ðzÞ ¼

Xn
i¼1

QðbizÞ
,Xn

i¼1

jbij2 ¼ m
Xn
i¼1

Q
�
ðai=bÞz

�
; ð3Þ01

and

Qb
2 ðzÞ ¼ Qðb1zÞ þ

Xn
j¼2

QðbjzÞ
" #,Xn

i¼1

jbij2

¼ m Q
�
ða1=mÞz

�
þ
Xn
j¼2

Q
�
ðaj=mÞz

�" #
: ð3Þ02

Then the mappings Qb
i ði ¼ 1; 2Þ : Z ! W are the quadratic weighted means of

second and first form with respect to b, respectively.
We note that the fundamental functional equation ð��Þ is equivalent to the mean

functional equation with respect to b

Qb
1 ðzÞ ¼ Qb

2 ðzÞ
�
¼QðzÞ

�
½���

for every complex z A Z.
Note that the functional equation (2a) 0 comes from Eq. (2a) if we replace z by

z=m. But this z-substitution (z by z/m) does not yield Eq. (2) 0 directly from Eq. (2).
We also note that the z-substitution or the a-substitution (ai by ai=m : i ¼ 1; 2) does
not yield Eq. (2b) 0 directly from Eq. (2b). Such problems in the transition from the
first section to the second section arise many times in this paper. These reasons
forced us to add this second section separately.

Theorem 3.1. Let Z be a complex normed linear space and let W be a complete

normed linear space (on a field of characteristic0 2). Let a ¼ ða1; a2; . . . ; anÞ A

Cn : a0 0 with 0 < m ¼
Pn
i¼1

jaij2 < 1. Assume that f : Z ! W is a mapping for

which there exists eb 0 (:¼a constant independent of zi) such that the functional

inequality (4)2 holds for every vector ðz1; z2; . . . ; znÞ A Zn. Assume in addition that

f : Z ! W is a mapping for which the fundamental functional inequality

k f b
2 ðzÞ � f b

1 ðzÞka
Xn
i¼1

jaij2
 !

d 0; ð4Þ01

On the Hyers-Ulam Stability Problem for Quadratic Multi-dimensional Mappings 495



holds for every z A Z, d 0 b 0 (:¼a constant independent of z), and any fixed a0 0,
where

f b
1 ðzÞ ¼

Xn
i¼1

jaij2
 ! Xn

i¼1

f
�
ðai=mÞz

� !
; and

f b
2 ðzÞ ¼

Xn
i¼1

jaij2
 !

f
�
ða1=mÞz

�
þ
Xn
j¼2

f
�
ðaj=mÞz

�" #

are quadratic weighted means of second and first form with respect to b, respec-

tively. Then the limit

QðzÞ ¼ lim
n!y

m2nf ðm�nzÞ ð5Þ0

exists for every z A Z and Q : Z ! W is the unique quadratic mapping with respect

to b ¼ ðb1; b2; . . . ; bnÞ0 0, such that

k f ðzÞ �QðzÞka c 0; ð6Þ00

holds for every z A Z with constant

c 0 ¼ 1

2

2m

 
1 þ

n

2

� �
�mn

!
þmðn� 1Þjn� 2 � 2mj þ 2

 
1 þ 2

n

2

� �
�mn

( !)
eþ 2m

 
1 þ

n

2

� �
�mn

!
d 0

ð1 �m2Þ
 

1 þ
n

2

� �
�mn

! :

Note that for 0 < m < 1 we have 1 þ n

2

� �
�mn > 0 for all n A N. Take n ¼ 2,

then 0 < m < 1 and

k f ðzÞ �QðzÞka 1

2

ð3 �m2Þeþ 2mð1 �mÞd 0

ð1 �mÞ2ð1 þmÞ
;

([13]).
To prove the Existence in Theorem 2.1 it is enough to prove that the general

functional inequality

k f ðzÞ �m2nf ðm�nzÞka c 0ð1 �m2nÞ; 0 < m < 1; ð12Þ0

holds for every z A Z and all n A N.
In fact, substitution of zi ¼ 0 ði ¼ 1; 2; . . . ; nÞ in inequality (4)2 yields

k f ð0Þka e

, 
1 þ n

2

� �
�mn

!
: ð7Þ0

496 J.M. Rassias



Substituting z1 ¼ z=m, zj ¼ 0 ð j ¼ 2; 3; . . . ; nÞ in inequality (4)2 and (7) 0 as well
as the triangle inequality one gets the functional inequality

f
�
ða1=mÞz

�
þ
Xn
j¼2

f
�
ðaj=mÞz

�
þ n� 1

2

� �
f ð0Þ�m½ f ðm�1zÞ þ ðn� 1Þ f ð0Þ�

�����
�����a e;

or

k f b
2 ðzÞ �m2f ðm�1zÞkam eþ ðn� 1Þjn� 2 � 2mj

2
k f ð0Þk


 �
;

or

k f b
2 ðzÞ �m2f ðm�1zÞka m

2

2 1 þ n

2

� �
�mn

� �
þ ðn� 1Þjn� 2 � 2mj

1 þ n

2

� �
�mn

e; ð8Þ0

where f b
2 ðzÞ is the quadratic weighted mean of first form with respect to b0

0 : 0 < m < 1.
In addition replacing zi ¼ ðai=mÞz ði ¼ 1; 2; . . . ; nÞ in inequality (4)2 and (7) 0 as

well as the triangle inequality, one concludes the functional inequality

f ðzÞ þ n

2

� �
f ð0Þ �m

Xn
i¼1

f
�
ðai=mÞz

������
�����a e;

or

k f b
1 ðzÞ � f ðzÞka

1 þ 2
n

2

� �
�mn

1 þ n

2

� �
�mn

e; ð9Þ0

where f b
1 ðzÞ is the quadratic weighted mean of second form with respect to

b0 0 : 0 < m < 1.
Employing the fundamental functional inequality (4) 01 one gets the equivalent

inequality

f
a1

m
z

� �
þ
Xn
j¼2

f
aj

m
z

� �
�
Xn
i¼1

f
ai

m
z

� ������
�����a d 0; m A ð0; 1Þ; ð4aÞ01

for all complex z A Z.
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Functional inequalities (8) 0–(9) 0 and (4) 01 (or (4a) 01) and the triangle inequality
yield the basic inequality

k f ðzÞ �m2f ðm�1zÞk

a k f ðzÞ � f b
1 ðzÞk þ k f b

1 ðzÞ � f b
2 ðzÞk þ k f b

2 ðzÞ �m2f ðm�1zÞk

a

2m 1 þ n

2

� �
�mn

� �
þmðn� 1Þjn� 2 � 2mj þ 2 1 þ 2

n

2

� �
�mn

� �

2 1 þ n

2

� �
�mn

� � eþmd 0;

or

k f ðzÞ �m2f ðm�1zÞk

a

2m 1 þ n

2

� �
�mn

� �
þmðn� 1Þjn� 2 � 2mj þ 2 1 þ 2

n

2

� �
�mn

� �
 �
eþ 2m 1 þ n

2

� �
�mn

� �
d 0

2 1 þ n

2

� �
�mn

� �

or

k f ðzÞ �m2f ðm�1zÞka c 0ð1 �m2Þ; 0 < m < 1 ð10Þ0

where c is given in Theorem 3.1.
For instance, if we work in R such that zi ¼ xi A R ði ¼ 1; 2Þ and ai ¼

1

2
ði ¼ 1; 2Þ, then zi ¼ xi ði ¼ 1; 2Þ and m ¼ 1

2
A ð0; 1Þ. In this case there is no d 0-part

in c 0 because f b
1 ðzÞ ¼ f b

2 ðzÞ for all real z A R. Hence c 0 ¼ ð11=3Þc.
Note that a better constant c 0 ¼ ð1=2Þe

�
<ð11=3Þe

�
may be found if new sub-

stitutions zi ¼ xi ¼ x ði ¼ 1; 2Þ, n ¼ 2 are applied into inequality (4)2 with ai ¼
1

2ði ¼ 1; 2Þ.
Replacing now z with m�ðn�1Þz in (10) 0 one concludes that

k f ðm�ðn�1ÞzÞ �m2f ðm�nzÞka c 0ð1 �m2Þ;

or

km2ðn�1Þf ðm�ðn�1ÞzÞ �m2nf ðm�nzÞka c 0ðm2ðn�1Þ �m2nÞ; ð12aÞ0

for all z A Z.
By induction on n A N we claim that the general functional inequality (12) 0

holds. By induction hypothesis with n ! n� 1 in inequality (12) 0

k f ðzÞ �m2ðn�1Þf ðm�ðn�1ÞzÞka c 0ð1 �m2ðn�1ÞÞ; ð12bÞ0

holds for all z A Z.
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Thus the functional inequalities (12a) 0–(12b) 0 and the triangle inequality imply

k f ðzÞ �m2nf ðm�nzÞk

a k f ðzÞ �m2ðn�1Þf ðm�ðn�1ÞzÞk þ km2ðn�1Þf ðm�ðn�1ÞzÞ �m2nf ðm�nzÞk

a c 0½ð1 �m2ðn�1ÞÞ þ ðm2ðn�1Þ �m2nÞ� ¼ c 0ð1 �m2nÞ;

completing the proof of the required inequality (12) 0.
The rest of the proof of Theorem 3.1 is omitted as similar to the corresponding

proof of Theorem 2.1 ([1], [2], [3], [4], [16], [17]–[18]).

Example. Let us take f : C ! C such that f ðzÞ ¼ ljzj2 þ k, where l, k (¼complex

constants): jkja e

�
1 þ n

2

� �
�mn

� �
, for any complex ai ði ¼ 1; 2; . . . ; nÞ : 0 <

m ¼
Pn
i¼1

jaij2 < 1, and n A N : nb 2.

Moreover there exists a unique quadratic mapping Q : C ! C such that

QðzÞ ¼ lim
n!y

m2n½ljm�nzj2 þ k� ¼ ljzj2; 0 < m < 1:

Therefore inequality (6) 00 holds. In fact, the condition on l; k A C such that

jkja e

1 þ n

2

� �
�mn

; m A ð0; 1Þ and n A N : nb 2:

But f ðzÞ ¼ ljzj2 þ k satisfies (4)2 if k þ n

2

� �
k �mnk

				
				a e, or if

jkja e

1 þ n

2

� �
�mn

:

Also

1 <

2m

 
1 þ n

2

� �
�mn

!
þmðn� 1Þjn� 2 � 2mj þ 2

 
1 þ 2

n

2

� �
�mn

!

1 �m2
;

ð18Þ

for 0 < m < 1 and n A N : nb 2.
In fact, (18) is equivalent to

Rðm; nÞ ¼ 2ðn� 1Þm2 � 2 1 þ n

2

� �
� n

� �
m� 4

n

2

� �
�mðn� 1Þj2m� nþ 2j < 0

ð19Þ

for all m A R : 0 < m < 1 and any n A N : nb 2.
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To prove (19) we first establish the cases: n ¼ 2 and n ¼ 3, separately, and
then prove the general case for all m A R : 0 < m < 1 and any n A N : nb 4, as
follows:

Rðm; 2Þ ¼ 2m2 � 4 �mj2mj ¼ �4 < 0; as m A ð0; 1Þ:

Also

Rðm; 3Þ ¼ 4m2 � 2m� 12 � 2mj2m� 1j < 0;

because

R

 
m A 0;

1

2

� �
; 3

!
¼ 4m2 � 2m� 12 þ 2mð2m� 1Þ

¼ 8m2 � 4m� 12

¼ 4ð2m� 3Þðmþ 1Þ < 0; as m A 0;
1

2

� �
;

and

R

 
m A

1

2
; 1

� �
; 3

!
¼ 4m2 � 2m� 12 � 2mð2m� 1Þ

¼ �12 < 0; as m A
1

2
; 1

� �
:

Finally claim

R ¼ R
�
m A ð0; 1Þ; n A N : nb 4

�
¼ 2ðn� 1Þm2 � 2 1 þ n

2

� �
� n

� �
m� 4

n

2

� �

þmðn� 1Þð2m� nþ 2Þ < 0;

where 2m� nþ 2 < 0 or equivalently 0 < m <
n

2
� 1 yields m A ð0; 1Þ for nb 4

as 1a
n

2
� 1 for nb 4. This is equivalent to

R ¼ ½2ðn� 1Þ þ 2ðn� 1Þ�m2

� 2 1 þ n

2

� �
� n

� �
þ ðn� 1Þðn� 2Þ


 �
m� 4

n

2

� �
< 0;

or

R1 ¼ R=2ðn� 1Þ ¼ 2m2 � ðn� 2Þm� n < 0;
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or

R1 ¼ ð2m� nÞðmþ 1Þ < 0: ð20Þ

for all n A N : nb 4, and m A ð0; 1Þ.
If m1, m2 are the roots of the equation

R1 ¼ ð2m� nÞðmþ 1Þ ¼ 0;

or of the equation

R ¼ 2ðn� 1Þð2m� nÞðmþ 1Þ ¼ 0;

with respect to m, then

m1 ¼ �1; m2 ¼ n=2:

It is clear that

m A ð0; 1ÞH ðm1;m2Þ ¼ ð�1; n=2Þ;

for all n A N : nb 4.
Therefore the proof of the inequality (20) is complete. Thus the inequality (18)

holds.
We note that

1 þ n

2

� �
�mn

� �
c 0

¼ 1

2

2m 1 þ n

2

� �
�mn

� �
þmðn� 1Þjn� 2 � 2mj þ 2 1 þ 2

n

2

� �
�mn

� �
ð1 �m2Þ

¼ ðn� 1Þðn� 2mÞ
1 �m

þ 1

¼ ðn2 � nþ 1Þ � ð2n� 1Þm
1 �m

> 0

� �
;

for all n A N : nb 4 and m A ð0; 1Þ.
Therefore

k f ðzÞ �QðzÞk ¼ jkja c 0; 0 < m < 1:

We note that if 1 < m0 1 þ n

2

� �� ��
n, for n A N : nb 2, then

l
�
¼Qð1Þ

�
A C and any complex constant k : jkja e

mn� 1 þ n

2

� �� �				
				
:
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